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Preface

This monograph is a collection of chapters authored or coauthored by friends and
colleagues of Professor Gilbert Walter in celebration of his 80th birthday. The
authors represent a spectrum of disciplines, mathematics, applied mathematics,
electrical engineering, and statistics; yet, the monograph has one common theme:
multiscale analysis.

Multiscale analysis has recently become a topic of increasing interest because
of its important applications, in particular, in analyzing complex systems in which
the data behave differently depending upon which scale the data are looked at. The
advent of wavelets has given an impetus to multiscale analysis, but other techniques
such as sampling and subsampling have been used successfully as a tool in analyzing
multiscale signals. For this reason we have decided to include a variety of chapters
covering different aspects and applications of multiscale analysis.

The monograph is divided into three main parts: Part I is a collection of chapters
on sampling theory while Parts II and III contain chapters on multiscale analysis
and statistical analysis, respectively. The level of presentation varies. Few chapters
are very specialized, while others are self-contained or of expository nature, but
most chapters should be accessible to graduate students in mathematics or electrical
engineering.

Part I, which consists of eight chapters, has chapters on sampling, interpo-
lation, and approximation in the space of bandlimited functions, shift-invariant
and reproducing-kernel Hilbert spaces, and the Hardy space H?(D) of analytic
functions in the open unit disk. Part II contains four chapters on a unified theory
for multiscale analysis, multiscale signal processing, developing algorithms for
signal and image classification problems in large data sets, and wavelet analysis
of ECG (electrocardiogram) signals. Part III is comprised of three chapters on
characterization of continuous probability distributions, Bayesian wavelet shrinkage
methods, and multiparameter regularization for the construction of estimators in
statistical learning theory.

In Chapter 1, W. Madych revisits the classical cardinal series and considers
its symmetric partial sums. He derives necessary and sufficient conditions for its
convergence under growth conditions on the coefficients that imply analogous

vii
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asymptotic behavior of the function represented by the series. Several corollaries,
including sampling type theorems, are obtained.

Chapter 2, by F. Stenger, M. Youssef, and J. Niebsch, is also related to the
cardinal series and the Sinc function , but in the context of function interpolation
and approximation. Function interpolation may be carried out using algebraic
polynomials, splines, Fourier polynomials, rational functions, wavelets, or Sinc
methods. Function interpolation by one of the above methods frequently has one
of the following features: (1) the modulus of the error of approximation near one
endpoint of an interval differs considerably from the modulus of the error near the
other end-point; (2) the moduli of the errors near the two endpoints of the interval
are roughly the same, but differ appreciably from the modulus of the error in the
mid-range of the interval. The authors call the former the (E-E) case and the latter
the (E-M) case.

In this chapter the authors describe methods for getting a more uniform ap-
proximation throughout the interval of approximation in the two aforementioned
cases (E-E) and (E-M). They also discuss improving approximation of the derivative
obtained by differentiating the constructed interpolation approximations.

In Chapter3, H. R. Ferndndez-Morales, A. G. Garcia, and G. Pérez-Villal6n
consider sampling in a general shift-invariant space V»(¢) of L?(IR?) with a set ® of
r stable generators and in which the data are samples of some filtered versions of the
signal itself taken at a sub-lattice of Z¢. The authors call this problem the problem
of generalized sampling in shift-invariant spaces. Assuming that the £>-norm of the
generalized samples of any f € V() is stable with respect to the L?(RY)-norm
of the signal f, the authors derive frame expansions in the shift-invariant subspace
V2(¢) allowing the recovery of signals in this space from the available data.

A similar sampling problem is considered by M. Nashed and Q. Sun in Chapter 4,
where they consider a variety of Hilbert and Banach spaces of functions that
admit sampling expansions of the form f(r) = X~ f(,)Sn(t), where {S,(r)},_,
is a family of functions that depend on the sampling points {7,} but not on the
function f. Those function spaces, which arise in connection with sampling ex-
pansions, include reproducing-kernel spaces, Sobolev spaces, shift-invariant spaces,
translation-invariant spaces and spaces of signals with finite rate of innovation. The
authors first discuss the engineering approach to the Shannon sampling theorem
which is based on trains of delta functions and then try to provide rigorous
justification to the engineering approach using distribution theory and generalized
functions. They also discuss sampling in some reproducing-kernel Banach spaces.

Chapter 5 by P. Vaidyanathan and P. Pal gives an overview of the concept of
coprime sampling and its applications. Coprime sampling was recently introduced
by the authors first for the case of one-dimensional signals and then extended to
multidimensional signals. The basic idea is that a continuous-time (or spatial) signal
is sampled simultaneously by two sets of samplers, with sampling rates 1/NT and
1/MT where M and N are coprime integers and 7 > 0. One of the main results is that
it is possible to estimate the autocorrelation of the signal at a much higher rate 1/T
than the total sampling rate. Thus, any application which is based on autocorrelation
will benefit from such sampling and reconstruction. An interesting mathematical
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problem that comes up when coprime sampling is extended to higher dimensions
is how to generate a pair of integer matrices M and N which are commuting and
coprime.

Chromatic derivatives and series expansions have recently been introduced as an
alternative representation to Taylor series for bandlimited functions and they have
been shown to be more useful in practical applications than Taylor series. Chromatic
series have similar properties to those of the Whittaker—Shannon—Kotel nikov
sampling series. In Chapter 6, A. Zayed gives an overview of chromatic derivatives
and series in one and several variables and then use the Bargmann transform to
show that functions, in the Bargmann—Segal-Foch space §, which is a reproducing-
kernel Hilbert Space of entire functions, can be represented by chromatic series
expansions. As a result, some properties of the Bargmann—Segal-Foch space can be
deduced from those of chromatic series.

In Chapter7, by D. Alpay, P. Jorgensen, I. Lewkowicz, and 1. Marziano, the
authors use functional analysis techniques to solve interpolation problems not in the
context of bandlimited functions or shift-invariant spaces but in the setting of the
Hardy space H?(D) of functions analytic in the open unit disk D. The space H*(D)
plays an important role in complex analysis, signal processing, and linear dynamical
systems. Recently the Cuntz semigroups of C*-algebras and the Cuntz relations
for positive elements in a C*-algebra have attracted some attention because of
their newly discovered connections with applications in signal processing, sub-band
filters, and wavelets, which all fall within a larger context of multiscale analysis.

In this work the authors study the Cuntz relations in a different context. They
introduce connections between the Cuntz relations and the Hardy space H*(D) and
then use a decomposition of elements in H?(D) associated with certain isometries
which satisfy the Cuntz relations, to solve a new kind of multipoint interpolation
problem in H?(D) where for instance only a linear combination of the values
of a function at given points is preassigned, rather than the values at the points
themselves.

Chapter 8 by J. Benedetto and S. Datta deals with the autocorrelation of se-
quences and the construction of constant amplitude zero autocorrelation (CAZAC)
sequences x on the integers Z by means of Hadamard matrices. Recall that a real
Hadamard matrix is a square matrix whose entries are either +1 or —1 and whose
rows are mutually orthogonal. First, the authors explain from a practical point of
view why constant amplitude and zero autocorrelation sequences are important.
The zero autocorrelation property ensures minimum interference between signals
sharing the same channel.

The authors review properties and problems related to Hadamard matrices and
then establish the relation between CAZAC sequences on Z/NZ, Hadamard
matrices, and the discrete Fourier transform. They proceed to construct CAZAC
sequences on Z by means of Hadamard matrices and construct unimodular
functions on Z whose autocorrelations are triangles.

Part II, Multiscale Analysis, consists of Chapters 9—12. The authors in Chapter 9
explain that chaos and random fractal theories, which have been used in the
analysis of complex data, are fundamentally two different theories. Chaos theory
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shows that irregular behaviors in a complex system may be generated by nonlinear
deterministic processes, while noise or randomness does not play any role. On the
other hand, random fractal theory assumes that the dynamics of the system are
inherently random.

Since the two theories are different, different conclusions may be drawn depend-
ing upon which theory is used to analyze the data. A great deal of research has been
devoted to determining whether a complex time series is generated by a chaotic
or a random system. The authors discuss the scale-dependent Lyapunov exponent
(SDLE) and use it to develop a unified multiscale analysis theory of complex data.

The goal of Chapter 10, by E. Lin, M. Haske, M. Smith, and D. Sowards,
is to determine the optimal wavelet, order, level, and threshold for denoising
and compressing an ECG (electrocardiogram) signal while smoothing out and
maintaining the integrity of the original signal. The wavelets used are: Daubechies,
Biorthogonal Spline, Coiflet, and Symlet. Various thresholds have been utilized,
such as soft, hard, global, rigorous SURE, heuristic SURE, universal, and minimax.
But, the two kinds of thresholding that are used extensively in this chapter are hard
and soft thresholding.

It is well known that the Hermite functions are an orthogonal basis for L*(R).
They are also eigenfunctions of a Sturm—Liouville differential operator, as well
as the Fourier transform. D. Mugler and A. Mahadevan in Chapter 11 call these
functions the continuous Hermite functions (CHF) to distinguish them from another
set of functions that they introduced in a previous work and called the discrete
Hermite functions (DHF).

The DHF have the analogous property that they are eigenvectors of a shifted
(centered) Fourier matrix and they also form an orthonormal set in a vector space.
The authors discuss the notion of Gaussian derivatives and their relationship to
the Hermite functions. Because of their relationship with the Gaussian derivatives,
the CHF have been used for the multiscale Hermite transform. Multiscale analysis
in this chapter refers to the ability to zoom in on features in a signal, moving
from a coarse approximation to include details at several different levels. In
particular, multiscale analysis provides a decomposition of the input signal into an
approximation signal and detail signals at several different levels. The main goal
of this chapter is to extend these results to the discrete case. The discrete Hermite
transform analysis of an input signal is then compared to the wavelet analysis of the
same signal at three different levels.

Local discriminant basis (LDB), which was developed by Saito and Coifman
for the purpose of classification, is a tool to extract useful features in signal and
image classification problems. It works by decomposing training signals into a time—
frequency dictionary. The dictionaries decompose signals into a redundant set of
orthogonal subspaces. Each subspace contains basis vectors localized in time and
frequency. The goal is, given a dictionary, to find the signal representation within
the dictionary that is most useful for classification.

In Chapter 12, B. Marchand and N. Saito propose the use of signatures and earth
mover’s distance (EMD) to provide data adaptive statistic that is more descriptive
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than the distribution of energies and more robust than an epdf (empirical probability
density function)-based approach.

The authors first review LDB and EMD and then outline how they can be incor-
porated into a fast EMD-based LDB algorithm and then compare its performance
with different LDB algorithms. They also demonstrate the capabilities of their
new algorithm, in comparison with both energy distribution and epdf-based LDB
algorithms, by using four different classification problems made of synthetic data
sets.

Part III, Statistical Analysis, is comprised of Chapters 13—15. The problem of
characterizing a probability distribution is an important problem in various fields.
Various systems of distributions have been constructed to provide approximations
to a wide variety of distributions. These systems are designed with the requirements
of computational ease and feasibility of algebraic manipulation.

In Chapter 13, G. Hamadani focuses on the characterization of the Amoroso
distribution, which is a four-parameter, continuous, univariate, unimodel pdf, with
semi-infinite range. Many well-known and important distributions are special cases
or limiting cases of the Amoroso distribution. The author gives characterizations
of the Amoroso distribution in two separate cases based on the truncated moment
of a function of first-order statistic and of a function of nth order statistic. He also
presents similar characterizations of other distributions, such as SSK, SKS, SK, and
SKS-type distributions.

Bayesian paradigm is popular in wavelet data processing because Bayes rules
are shrinkers. The Bayes rules can be constructed to mimic the thresholding rules
for wavelets, i.e., to slightly shrink the large coefficients and heavily shrink the
small coefficients. A paradigmatic task in which wavelets are typically applied is
the recovery of an unknown signal f from noisy measurements.

In Chapter 14 by N.Reményi and B. Vidakovic, the authors review some of these
concepts and discuss different Bayesian wavelet regression models and methods for
wavelet shrinkage. As an illustration of the Bayesian approach, they present BAMS
(Bayesian adaptive multiresolution shrinkage) method.

The subject of Chapter 15, the last chapter of the monograph, is the so-called
statistical learning theory. One of the central problems in the statistical learning
theory is this: given some empirical data Z = {(x;,y;),i = 1,2,...n}, construct the
estimator f : X — Y that approximates best the relationship between the input x
and the output y of a system, i.e., y = f(x). The data are seen as the realizations
of random variables (x,y) € X x Y with a probability density p(x,y). The theory
suggests an approach for constructing an estimator that is based on an operator
equation for the estimator. The authors, S. Lu, S. Pereverzyev Jr, and S. Sampath,
discuss this operator equation and show how it can be treated by the recently
developed multiparameter regularization methods, the dual regularized total least
squares (DRTLS) and the multi-penalty regularization (MPR).

Finally, the editors would like to express their gratitude to Professor Gilbert
Walter for his support and guidance over the years and more importantly for his
kindness and friendship. We also wish to thank the Springer-Verlag editors for their
support, in particular, Mr. Steven Elliot, who initiated the project, and Merry Stubber
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and Dr. Alison Waldron for their help throughout the project. The first editor would
like to thank the Battlefield Visualization Branch at the US Air Force Research
Lab (AFRL) and the Ohio University Faculty Fellowship Leave program for their
generous financial support. Her particular thanks are given to Dr. Jeffery Connor
(Ohio University), Dr. Paul Havigs (AFRL), and Ms. Kathryn Farris (AFRL) for
their encouragement and support.

USA Xiaoping Shen
USA Ahmed I. Zayed
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Chapter 1
Convergence of Classical Cardinal Series

W.R. Madych

Abstract We consider symmetric partial sums of the classical cardinal series and
record necessary and sufficient conditions for convergence. Included are growth
conditions on the coefficients that imply analogous asymptotic behavior of the
function represented by the series. Several relatively immediate corollaries are also
recorded, including sampling-type theorems.

Mathematics subject classification (2000): 40A30; 94A20

1.1 Introduction

The classical cardinal series with coefficients {a(n): n = 0,+1,42,...} is de-
fined by

sinfr(z—n)
w(z—n)

fl@)= i a(n) (1.1)

n=—oco

where the variable z is often restricted to the real line but, in general, can take on
complex values. The coefficients of course are in general complex.

Under suitable restrictions on the coefficients {a(n) : n = 0,+£1,+2,...} the
series (1.1) provides a solution to the interpolation problem of finding an entire
function f(z) of exponential type no greater than 7 that satisfies

f(n)=a(n), n=0,%£1,£2,.... (1.2)

W.R. Madych (P)

Department of Mathematics, 196 Auditorium Road, University of Connecticut,
Storrs, CT 06269-3009, USA

e-mail: madych@math.uconn.edu

X. Shen and A.L. Zayed (eds.), Multiscale Signal Analysis and Modeling, 3
DOI 10.1007/978-1-4614-4145-8_1, © Springer Science+Business Media New York 2013
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The cardinal series (1.1) is a well-known and highly celebrated solution to the
interpolation problem (1.2). Indeed the list [2-8,10, 11, 15-17,19,20] is but a small
sampling of the many articles and books that are devoted to or significantly treat the
subject. We assume that the reader is familiar with what are now relatively widely
well-known facts concerning the cardinal series (1.1) that are associated with the
theory commonly referred to as the W-K-S sampling theorem and that can be found,
for example, in [11, Lecture 20] or [16, Chap. 9].

In this note we are concerned with the convergence of the symmetric partial sums
of (1.1), more specifically, with conditions on the coefficients {a(n)} that insure the
convergence of the sequence {fy(z) : N =1,2,...} of symmetric partial sums

sinm(z—n) (13)
n=—N 7'C(Z - n)

We use standard notation and only alert the reader to the fact that £, denotes the
class of entire functions of exponential type no greater than 7 that have no greater
than polynomial growth along the real axis. In view of the distributional variant of
the Paley—Wiener theorem, for example, see [9, Theorem 1.7.7], E; consists of the
Fourier transforms of distributions with support in the interval [—7, 7].

The main results, including some explanatory material, are given in Sect. 1.2. All
the details, including necessary technical lemmas, are given in Sect. 1.3. Section 1.4
is devoted to certain miscellany that is a relatively immediate consequence of the
development in Sects. 1.2 and 1.3; Corollary 6 here is an example of a sampling-
type theorem mentioned in the introduction.

1.2 Results

We make use of the fact that the partial sums fy(z) defined by (1.3) can be
re-expressed as

(o) = sinrz i (—1)”a(n).

T~y (z—n)

(1.4)

It follows from (1.4) that when the sequence of coefficients {a(n)} is even,

namely a(—n) = a(n) forn=1,2,..., we may write
sinzz | a (=1)"a(n)
2z . 1.5
In(z) = p { + g, (z —n2 } (1.5)

From (1.5) it is clear that when {a(n)} is an even sequence then the convergence
of ¥ (—1)"a(n) /n? is a sufficient condition for the convergence of the partial sums
{fv(2)}. This condition is also necessary. Furthermore, the limiting function f(z)
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is a solution within a certain class of entire functions to the interpolation problem
f(n)=a(n),n=0,£1,%£2,.... We formulate this more precisely as follows.

Theorem 1. Suppose the sequence of coefficients {a(n)} is even, namely a(—n) =
a(n) forn=1,2,....

I If

2(—1)”n—) converges, (1.6)

then the partial sums fy(z), N =1,2,..., converge uniformly on compact subsets
of the complex plane C. The limiting function

f(z)zsm_”z{gjtzzi %} (1.7)

T n=1

is even, is in Er, satisfies
[f(@)le ™™ = O(|z] loglz]) as o] — o, (1.8)

and solves the interpolation problem (1.2).
2. If (1.6) fails to hold then the sequence fy(z) fails to converge as N — s at every
point z that is not an integer.

The statement concerning convergence of the partial sums fy(z) can be refor-
mulated as follows: There is an entire function f(z) such that for every positive
number R,

N .
, sinmw(z—n)
lim sup|f(z)— a(n)—————=
N—reo ‘Z‘SR nzN ﬂ(z—n)
In view of the function
zsin 7z,

any solution of the interpolation problem (1.2) that is even, is in E, and enjoys (1.8)
cannot be unique. Additional restrictions on the coefficients {a(n)} are required
to ensure that the solution given by (1.7) is unique within an appropriate class
of entire functions in analogy with the celebrated sampling theorem, for example,
[11, Lecture 20, Theorem 1].

Theorem 2. Suppose the sequence of coefficients {a(n)} is even and satisfies
property (1.6). If, in addition, for some p that satisfies 0 < p <2 we have

a(n)=0(n?) as n— oo, (1.9)
then the limiting function f(z) defined by (1.7) satisfies

@)™ = O(|z|Plog|2]) as |z = oe. (1.10)
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If0 < p < 1 then the limiting function f(z) defined by (1.7) is the unique solution to
the interpolation problem (1.2) that is in Er, is even, and satisfies (1.10).

Note that condition (1.9) on the growth of the coefficients {a(n)} does not imply
that the solution (1.7) of the interpolation problem (1.2) has the same order of
growth. However, an additional restriction, on what amounts to the oscillatory nature
of the coefficients, will ensure that the solution (1.7) has the same order of growth
as the coefficients (1.9).

Theorem 3. Suppose the sequence of coefficients {a(n)} is even and satisfies
property (1.6). If; in addition, for some p that satisfies 0 < p < 2 we have

an+1)—a(n)=0n""") as n—e when 0<p<2 (L.11D)

and

M

la(n+1)—a(n)|<e when p=0, (1.12)

n=1

then the limiting function f(z) defined by (1.7) satisfies

F@)e ™I =0(|2") as 2] = o=, (113)
When the sequence of coefficients {a(n)} is odd, namely a(—n) = —a(n) for
n=1,2,...,1in view of (1.4) we have
2sinmz & (—1)"na(n)
In(z) = Z T (1.14)

From (1.14) it should be clear that the conditions required of {a(n)} in this case will
be somewhat more restrictive than in the even case. Nevertheless, with relatively
minor modifications, the analogues of Theorems 1-3 remain valid and can be
formulated as follows.

Theorem 4. Suppose the sequence of coefficients {a(n)} is odd, namely a(—n) =
—a(n) forn=1,2,....

1 If

2‘(—1)"M converges, (1.15)

n

then the partial sums fy(z), N =1,2,..., converge uniformly on compact subsets
of the complex plane C. The limiting function

) _ 2sinmz i a(n) (1.16)

_2
n=1 Z n

is odd, is in Er, satisfies
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@)™ = O(|z|log|z]) as 2| =, (1.17)

and solves the interpolation problem (1.2).
2. If (1.15) fails to hold, then the sequence fy(z) fails to converge as N — o at
every point 7 that is not an integer.

In view of the function
sinmz,

any solution of the interpolation problem (1.2) that is odd, is in Ez, and enjoys
(1.17) cannot be unique. In this case I am unaware of any conditions on the
coefficients other than the decay conditions implied by the sampling-type theorems,
for example, [11, Lecture 20, Theorems 1 and 2] or Corollary 6 in Sect. 1.4, that
will ensure that the solution (1.16) is unique within some appropriate class of entire
functions. The statements in Theorem 4 concerning convergence are also implied
by [18, Theorem 1].

Theorem 5. Suppose the sequence of coefficients {a(n)} is odd and satisfies
property (1.15). If, in addition, for some p that satisfies 0 < p < 1 we have

a(n)=0(n") as n— oo, (1.18)
then the limiting function f(z) defined by (1.16) satisfies

[f@)le ™™ = 0(|z| log 2]) a5 [z] = e (1.19)

Note that condition (1.18) on the growth of the coefficients {a(n)} does not imply
that the solution (1.16) of the interpolation problem (1.2) has the same order of
growth. However, as in the earlier case, an additional restriction, on what amounts
to the oscillatory nature of the coefficients, will ensure that the solution (1.16) has
the same order of growth as the coefficients (1.18).

Theorem 6. Suppose the sequence of coefficients {a(n)} is odd and satisfies
property (1.15). If, in addition, for some p that satisfies 0 < p < 1 we have

an+1)—a(n)=0m""") as n—e when 0<p<l (1.20)
and
Y la(n+1)—a(n)| <e when p=0, (1.21)
n=1

then the limiting function f(z) defined by (1.16) satisfies

f@le ™M = 0(27) as |z . (1.22)
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1.3 Details

In what follows the symbol C, with or without a subscript, is used to denote certain
generic constants whose specific value can vary from one occurrence to another.

1.3.1 Proof of Theorem 1

In view of (1.5) we may re-express fy(z) as

fuld) = %{ 22[( . n_12>(_1)na(n>_(_1)n:_z>]}
${ i( >nzz)>a(n)_zzé(_l)n@}

= on(2) + v (2),
where
sinzz | a(0) N (—1)z2
¢N(Z) T { B +22’Z‘1 <m> a(n)}
and . N
i) = S ()

In view of (1.6) the sequence Wy (z) converges uniformly on compacta as N — eo.
Condition (1.6) also implies that lim,_,.a(n)/n* = 0 and hence ¥°°_, a(n)/n*
converges absolutely. It follows that the series

i ( 27%sinmz ) ( 1),,a(n)
A\ (2 —n?) 2
converges absolutely and uniformly on compacta. This means, of course, that ¢y (z)
converges uniformly on compacta as N — oo.

From the last expression for fy(z) it follows that fy(z) converges uniformly on

compacta as N — oo since both ¢n(z) and yn(z) do so.
We may express the limiting function f(z) as

f(z)_smnz{@-l-ki M} (1.7)

T = (22—-n?)




1 Convergence of Classical Cardinal Series 9

since the series in fact converges to the entire function f(z). In view of the above
development we may also express f(z) as

f(z) = ¢(2) + czsinmz, (1.23)

o) = S“;’”{“ %3 (i )_"f))a@)}

where

and

An efficient way of arguing that f(z) is in E; is to observe that this is an
immediate consequence of (1.8).

To see that f(z) satisfies (1.8) use representation (1.7) of f(z), assume |z| > 100,
and break up the series into a sum over n > 2|z| and another over n < 2|z|. Thus

f(z) =An(z) + Bn(2),

where N is the greatest integer < 2|z|,

An(z) = M{@-ﬁ-ZZi Elraln) }

T

and

n=N+1 < N

To estimate Ay (z) assume that Im z is positive so that [e??™ — 1| < 2 and note that

’Sinnz’:| 7i7rz| ezmz_l’:eﬂ\lmz\’ezm(Zin)_l’
zEn ztn ztn
and
‘e2ﬂi(z:tn) 1 ‘ C
ekn 7 T ln =]

Hence,

2zsinmz 1 ) Ce™Tmz|

) :{ + }smnzg—,

dom lamn o ]
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so that N
a(n)|

A z SCeﬂ‘ImZ‘ |—

At 2 T[]

Now, )

la(n)| < Clz|
in the above sum, since for n > 1 (1.6) implies that |a(n)|/n* is bounded which in
turn implies |a(n)| < Cn* < CN?. The last two displayed inequalities imply that

N
An(2)| < ClzfPe™™e Y < Clze™ ™ 1og 2] (1.24)

n:01_+’n__kH

An analogous argument mutatis mutandis shows that (1.24) is still valid when
Im z < 0 so that (1.24) holds whenever |z is sufficiently large.

To estimate By (z) break it up into two terms analogous to ¢ (z) and Wy (z) above.
Namely, write

sin >, —1)73 >, a(n
Bn(z) = nZ{Z 2 (%)a(n)—k 2 (—1)”%}

n=N+1 n

and note that

oo -1 n,3
5 (25 o

n=N+1

=

n=N+1
and
3 <
n? | =

The last expression for By(z) together with the last two inequalities implies that
By (2)| < Clz[?e™ ™3l (1.25)

The desired result (1.8) follows from (1.24) and (1.25).

Now, suppose that the series in (1.6) diverges. The proof of item 2 can be reduced
to two simple cases. (a) If the terms of the series in (1.6) are unbounded, then so are
the terms of the series (1.7), and desired result follows. (b) If the terms of the series
in (1.6) are bounded, then using representation (1.23) for f(z), note that the series
representing ¢(z) converges while the series representing the constant ¢ diverges,
and the desired result follows.
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1.3.2  Proof of Theorem 2

The proof of (1.10) is essentially analogous to the proof of (1.8) while making
use of the additional restrictions on the coefficients {a(n)}. The only significant
modification involves the estimation of By(z) which requires the consideration of
two cases depending on whether p is less than or >1.

Thus, use representation (1.7) of f(z), assume |z| > 100, break up the series into
a sum over n > 2|z| and another over n < 2|z|, and write

f(z) =An(2) +Bn(2),
where N is the greatest integer < 2|z| and both Ay(z) and By (z) are defined exactly

the same as in the proof of (1.8). Then estimating Ax(z) as before but using the fact
that in this case |a(n)| < C|z|? results in

lAn(2)] < ClzPe™ ™ 10g 2] (1.26)
As mentioned earlier the estimation of By(z) depends on whether p is less than

or >1.
If 0 < p < 1, simply recall that

and observe that

(=1)"a(n) 4la(n)| - -
2y P <l X 2 <Cile] Y, nP 2 <Gl o
n>2[z] n>2[z] n>2[z]
to conclude that
IBn(2)| < Clz|Pe™ ™. (1.27)

If 1 < p < 2 estimate exactly as in the derivation of (1.8) but use the bound
la(n)| < CnP. This leads to (1.27) for this case.

Bounds (1.26) and (1.27) together imply the desired result (1.10).

To see the uniqueness statement we argue as follows: If g(z) is another solution
of the interpolation problem (1.2), is in Ez, is even, and satisfies (1.10) for some
p <1,thenh(z) = (f(z) —g(z))/sin 7z is an entire function that is o(|z|) as |z| — c.
Hence Cauchy’s estimate, [1, p 122, identity (25) with n = 1] implies that h(z) is
a constant. In view of the fact that A(z) is odd this constant must be zero. Thus
g(2) = f(z), which implies the desired result.
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1.3.3 A Technical Lemma

Let

: 1\
5u(2) = su:rnzk;n ((Z_li), (1.28)

Then in view of the uniqueness statement in Theorem 2, it follows that

lim S,(z) = 1

n—eo

uniformly on compacta. Our proof of Theorem 3 uses the fact that S, (z) is uniformly
bounded in n on strips parallel to the real axis, {z: |Im z| < R < oo}, which however
does not follow from Theorem 2 and requires an additional tweak.

Lemma. There is a positive constant C, independent of z and n, such that
1Su(2)| < ce™mal, (1.29)
To see the lemma note that for positive k

(_1)2k71 (_1)2k B 1
7—(2k—1)  z-2k (z—2k+1)(z—2k)

and that

sin7z '< Ce™l1mz|
(z—2k+1)(z—2k)| — 1+]|z—2k?

with a similar estimate valid for negative k. Hence

1 1
S _g < Ce™limz] .
[S24(2) = Sae-1)(2)| < Ce T T 2kP 1+ ot 2k

If n is even, n = 2m, then

Sam(2) = So(2) + kzl [52(0) — a1},

and if n is odd, n = 2m + 1, then

2zsinmz

Som+1(2) = $m(0) = =5,
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Hence

1S2m(2)| = [So(z)| + 2 1S24(2) — Sak—1(2)]

u 1
< Ceﬂ‘lmz‘
- 1+|z| Z‘ 1+|z—2k|2 1+ |z+2k[?

which implies that (1.29) is valid when n = 2m and since

’ 2zsinmz

_ =™ < 7| Im 2|
z2—(2m+1)2’— ¢

inequality (1.29) follows for all n.

1.3.4 Proof of Theorem 3

As in the proof of Theorem 2, use representation of f(z), assume |z| > 100, and
break up the series into a sum over n > 2|z| and another over n < 2|z|, and write

f(z) =An(z) +Bn(2),

where N is the greatest integer < 2|z| and both Ay(z) and By (z) are defined exactly
the same as before. Also note that the hypothesis on the coefficients {a(n)} implies
that a(n) = O(n”) as n — eo.
By (z) can be estimated in exactly the same way as in the proof of Theorem 2 to
get
|By(z)] < Clz|Pe™ ™3l

To estimate Ay(z) use summation by parts to write

N-1
7) = ;)Sn(z) (a(n)—a(n+1))+Sn(z)a(N),

where

and
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In view of inequality (1.29) the last expression for Ay(z) allows us to write

N—-1
|An(2)| < cemm { ;)}a(n) —a(n+1)|+ Ia(N)I}

which together with the hypothesis on the coefficients {a(n)} implies that
|An(z)| < Clz|Pe™mal,

The bounds on Ay(z) and By/(z) imply the desired result (1.22).

1.3.5 Proof of Theorems 4 and 5

The proofs of Theorems 4 and 5 are essentially the same as those of Theorems 1

and 2, mutatis mutandis.
The necessary modifications are evident by reexpressing (1.16) as

7= 2“2’”{ 5| (s + 1) 1P - (<1722 }

n=1 & —n

which, in analogy with (1.23), can be written as

f(2) = 9(z) +csinmz,
where
2s1n7rz = [ (=1)Z?
o) {21<z ALl >}
and

Also recall that

CemlIimz]|

2nsinmz 1 1 .
‘ % :H ——}smﬂz‘g—.
?—n z—n  z+n 1+ |[|n] = [z]]

1.3.6 Another Technical Lemma

In analogy with (1.28) let

sintz & (—1)Fsgn(k)
Sen, (2) = — k;n I

(1.30)

(1.31)
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where

sen(z) = z/|z] ifz#0,
0 when z = 0.

Then in view of Theorem 5 it follows that there is an entire function Sgn(z) in Ey
such that

lim Sgn, (z) = Sgn(z)

n—yoo

uniformly on compacta. Our proof of Theorem 6 is analogous to that of Theorem 3
and uses the fact that Sgn,,(z) is uniformly bounded in n on strips parallel to the real
axis, {z: |Im z| < R < e}, which does not follow from Theorem 5. The proof of the
following lemma is completely analogous to the proof of (1.29).

Lemma. There is a positive constant C, independent of 7 and n, such that

|Sgn, ()] < Ce™m3l, (1.32)

1.3.7 Proof of Theorem 6

Our proof of Theorem 6 is completely analogous to that of Theorem 3. Simply
replace S, (z) with Sgn,,(z) and use (1.32) instead of (1.29).

1.4 Additional Remarks, Examples, and Corollaries

1.4.1 Specific Bounds

It should be evident from the above development that more specific bounds on the

growth of the coefficients {a(n)} will lead, via essentially the same calculations, to

more specific bounds on the growth of the corresponding function (1.7) or (1.16).
For example, if in Theorem 2 we assume that 0 < p < 1 and

a0l
Ha(m}l, = sup T <o

then we may conclude that
£(@)] < Cll{a(m)} ], ™™ (1 + |2])" log(e + I21),

where C is a constant that may depend on p but is otherwise independent of {a(n)}.
Similar results are valid in all the other cases.
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1.4.2 Some Special Functions

If
a(n) = (—=1)" =cosnn,

then the statement in Theorem 2 concerning uniqueness can be applied to conclude
that

oo

sinmz | 1 1
= —+2 — . 1.33
COSTTZ p- {Z—l— Zz(zz—kz)} ( )

k=1

But the fact that the right-hand side of (1.33) is bounded when z is restricted to
a strip about the real axis, |Im z| < & < oo does not follow from Theorem 3 since
|a(n+1) — a(n)| = 2. On the other hand, unlike the partial sums of

Smm{ +2z 2 } (1.34)

and

Sen(z) 25‘“”Z{i = _kf} (1.35)

k=1

the partial sums

sinmz
Cos, Tz = { +2z 2 }

are not uniformly bounded.
In fact, choosing z = n+ 1/2, we have for sufficiently large n

1 " 1
- 1/2
Imeosy 2| = S +2(n+1/2) kg‘ln+k+1/2n—k+1/2
Z 1
+1/2)
2An+1/ Z‘lz +1/2)n—k+1/2

4 1

B zlm—l/Z

> logn,

where the first inequality above follows from rll/z >0and n+k+1/2 <

2(n+1/2). This implies that on the strips |[Imz| < &€ < o and for sufficiently
large |z|, the uniform bound

|cos, mz| < Clog|z]

guaranteed by Theorem 2 cannot be improved.
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-2 -1 0 1 2 3 4 5 6 7 8

Fig. 1.1 Plot of Sgn(x) for —2 <x <8

Formulas (1.33) and (1.34) are classical and well known, for example, see [1,
formulas (11) and (13) on p 188]. But the fact that they also follow from Theorem 2,
involving cardinal series expansions seems not to be so well known. We also bring
attention to the elementary curiosity concerning the difference of behavior of their
respective partial sums.

For the record we also mention the following which follows from the develop-
ment in Sect. 1.3.6.

Corollary 1. The function Sgn(z) defined by (1.35) is a member of Ey that is odd
and satisfies both
Sgn(n) =sgn(n), n=0,£1,+2,...

and
|Sgn(z)| < Ce™lmzl;

where

_J7/ld ifz#0
sgn(z)—{o when z =10

and C is a constant independent of z.

The above considerations suggest that reasonable candidates for a pair of odd
functions in Ej that are analogous to the pair of even functions 1 and cos 7wz might
be the pair Sgn(z) and an odd function w(z) that satisfies (Figs. 1.1 and 1.2)

w(n)=(—1)"sgn(n), n=0,+£1,+2.... (1.36)
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-10 0 10 20 30 40 50 60 70 80

Fig. 1.2 Plot of Sgn(x) for —10 <x < 80
Note that in the case of the coefficients {w(n)} given by (1.36)

> (—1)" wn) does not converge

so in view of second item in Theorem 4, such a function w, unlike the case of the
cosine, cannot be represented by a cardinal series (1.1). Nevertheless, if we ignore
the second term on the right-hand side of (1.30) and use the coefficients a(n) = w(n)
in the first term, we may write

sin it 2
w(z) = 2 nm{z (n(zzz—n2)> } (1.37)

n=1

where the series converges uniformly on compacta and defines an odd entire
function in E that satisfies (1.36). A calculation analogous to the one used to obtain
a lower bound on |cos,(z)| shows that

[W(N+1/2)] > Clog(N) for sufficiently large N

so that w(z) is not bounded on the strips | Im z| < & < eo. But the function w defined
by (1.37) does satisfy

lw(z)| < Ce™™og|z| for sufficiently large |2|

as can be verified by a calculation essentially identical to the one used to establish
1.17).
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-2 -1 0 1 2 3 4 5 6 7 8

Fig. 1.3 Plot of Cgn(x) for -2 <x <8

If w is the function defined by (1.37), then its derivative at z = 0 is 0, namely
w'(0) = 0. This seems somewhat unnatural. A comparison with Sgn(z) suggests
that the value of this derivative should be — Sgn’(0) = —log4. This can be achieved
without altering the values at the integers z = 0,£1,%2,..., by simply adding
— 1°,%4 sin7z to w(z). Thus as an odd analogue of cosmz we propose the function

(Figs. 1.3 and 1.4)

log4
Cgn(z) =w(z) — 987 sinnz.

1.4.3 Special Classes of Data

Here the term data is used to refer to the coefficients {a(n)} in (1.1).

As mentioned in the introduction, the class E of entire functions u(z) consists
of Fourier transforms of distributions # with support in the interval [—r, 7r]. In other
words, for every u in Ey there is a distribution 4 with support in the interval [— 7, 7]
such that u(z) is the value of the distribution # evaluated at the test function @ (&) =

% that, in the standard notation of linear functionals, can be expressed as

u(z) = (@, ).

In the case that # is an integrable function, the last identity can be re-expressed as

u(z) ! /ﬂ eiz’:ﬁ(é)dé.

:E i
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-10 0 10 20 30 40 50 60 70 80

Fig. 1.4 Plot of Cgn(x) for —10 <x < 80

The Paley—Wiener class PW consists of those members u of E; such that 4
is square integrable. This class is often referred to as the class of band-limited
functions that plays a very prominent role in classical sampling theory. While it
makes sense to refer to the members of E; as being frequency band-limited, the
term “band-limited” is so closely associated with the subclass PW in the literature
that to avoid confusion, we have precluded its use in the wider sense.

An issue of interest in sampling theory are requirements on u or i that guarantee
that the cardinal series f(z) with coefficients a(n) = u(n), n = 0,£1,+2, ... exists
and satisfies the property that f = u. In what follows we give several such conditions
that are consequences of the results in Sect. 1.2 and are somewhat less restrictive
than those associated with classical sampling theory.

As an immediate consequence of the uniqueness statement in Theorem 2 we have

Corollary 2. Suppose u is an even entire function in Er such that for some value of
p<l
u(x) =0(|x|?) as x— too

on the real axis. Then the symmetric partial sums (1.3) of the cardinal series with
coefficients a(n) = u(n), n=0,+1,+2,... converge uniformly on compacta to u(z).

If 4 is integrable or, more generally, a finite measure, then u(z) is bounded on the
real axis. Hence Corollary 2 can be applied in this case to get

Corollary 3. Suppose u is an even entire function in Er such that ii is an integrable
function or, more generally, a finite measure. Then the symmetric partial sums (1.3)
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of the cardinal series with coefficients a(n) = u(n), n = 0,+£1,+2,... converge
uniformly on compacta to u(z).

If k is a nonnegative integer, then PW* denotes the class of those entire functions
u whose derivative of order k, u(k), is in the Paley—Wiener class PW. In other words,
PWF = {u: u®) € PW}. The class PW* is endowed with the natural semi-norm

oo 1/2
Jullpwe = { [ 1 ) Par}

Note that PW? = PW and PW* C PW**! where the containment is proper.

The standard sampling theorem for PW does not apply to PWX when k > 1.
Nevertheless, it was shown in [14] that members u of PW can be recovered from
their samples {u(n)} via the spline summability method. Additional properties of
PW* can be found in [12].

The following facts concerning PW* will be useful in what follows:

If u is in PW*, k > 1, then

u(x)=0(|x|’<*1/2) as  x — oo (1.38)

on the real axis, and the samples {u(n)} enjoy

oo

> A u(m)? < Cllul 3y (1.39)

n=-—oco

where AXu(n) are the forward differences of order k of {u(n)} that can be defined
recursively as

Alu(n) = Au(n) =un+1) —u(n), A 'u(n) = Afu(n+1) — A*u(n).

In view of (1.38) Corollary 2 implies the following.

Corollary 4. Suppose u is an even function in PW'. Then the symmetric partial
sums (1.3) of the cardinal series with coefficients a(n) = u(n), n = 0,+1,£2,...
converge uniformly on compacta to u(z).

The corresponding results for odd functions are not quite so transparent. Never-
theless Theorem 4 can be used to show that the following is true.

Corollary 5. Suppose u is an odd entire function in Ey such that il is an integrable
function. Then the symmetric partial sums (1.3) of the cardinal series with coeffi-
cients a(n) = u(n), n=0,%£1,£2,... converge uniformly on compacta to u(z).

To see this, note that u(n) are the Fourier coefficients of @#(&) while {(—1)"u(n)}
are the Fourier coefficients of #(& — 7). In other words
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ﬁ(é)wz u(n)e " = ZZZM ysinné, —n<E<nm

and

A& —m)~—=2iy (=1)"u(n)sinng, —-n<&<m

n=1

Since both 7(&) and #i(& — 7) are integrable functions it follows that both

i % and 2 ) converge,

see, for example, [21, Theorem 8.7 and the remarks that follow on p 59]. In view of
Theorem 4 the convergence of the second series implies that the symmetric partial
sums (1.3) of the cardinal series with coefficients a(n) = u(n), n =0,+1,+2,...
converge uniformly on compacta to an entire function f(z).

To see that f(z) = u(z) we argue as follows: the arithmetic means of the partial
sums 7, (&) converge to @#1(&) in L', for example, see [21, Theorem 5.5(ii) on p 144].
That is

T
lim
N—oo -7

i(8) -~y X n(E)]ag =0

Hence the arithmetic means of the partial sums fy of the corresponding cardinal
series converge to u(z) uniformly on strips, namely

hrn—an =u(z)

N—owo N

uniformly on the strips |Imz| < € < o. Since the arithmetic means of a sequence
converge to the same limit as the original sequence we may conclude that f(z) =

u(z).

Corollaries 3 and 5 can be combined to obtain

Corollary 6. Suppose u is an entire function in Ex such that il is an integrable func-
tion. Then the symmetric partial sums (1.3) of the cardinal series with coefficients
a(n) =u(n), n=0,£1,£2,... converge uniformly on compacta to u(z).

Versions of the statement of Corollary 6 have been recorded in [3, Theorem 1
and the cited references] and [7, Theorem 3 on p 70]. For alternate proofs see [2, p
124] and [13, p 499].
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There is an analogue of Corollary 4 for odd functions u(z), but its proof is
significantly more complicated. For example, to see that (1.39) implies that (1.15)
is valid for the coefficients a(n) = u(n) we argue as follows:

oo

SRR

MEVELES)

:i{a(zzkk)_a(zgk—l)} N i{%{—ﬁ}a(zk—n

k=1
= a(2k) —a(2k—1) = a(2k—1)
; ,;2/((2/(—1)

Now, the Schwarz inequality and (1.39) yield

< a(2k)—a(2k—1) - -
\2—\ { } Y la(2k) - a(2k = 1) < Cllull3y,

k=1

while (1.38) yields

< |a 2k — 1)|
g‘ 2k(2k—1)
Altogether the above identity and inequalities imply (1.15).

It now follows from Theorem 4 that if a(n) = u(n) and u is in PW', then the
symmetric partial sums for the cardinal series (1.3) converge to the entire function
f(z) givenby (1.16). An argument analogous to the one used to prove the uniqueness
portion of Theorem 3 shows that f(z) = u(z) + c¢sinmz where c is a constant. But
our argument for the fact that the constant ¢ is indeed 0 involves more intricate
properties of PWX and is too complicated to be included here.

However, let us bring attention to the fact that a variant of the above argument
used to show that the coefficients a(n) = u(n) satisfy (1.15) when u(z) is an odd
function in PW! can be used to show that such coefficients satisfy (1.6) when u(z)
is an even function in PW?2.

We summarize these observations as follows:

Corollary 7. Suppose u is an odd function in PW'. Then the symmetric partial
sums (1.3) of the cardinal series with coefficients a(n) = u(n), n = 0,+1,£2,...
converge uniformly on compacta to u(z) + csinnz. If u is an even function in PW?,
then the symmetric partial sums (1.3) of the cardinal series with coefficients a(n) =
u(n), n=0,+1,42,... converge uniformly on compacta to u(z) + czsinnz.
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Chapter 2
Improved Approximation via Use
of Transformations

Frank Stenger, Maha Youssef, and Jenny Niebsch

Abstract Function interpolation may be carried out using algebraic polynomial,
splines, Fourier polynomial, rational functions, wavelets, or Sinc methods. In this
chapter we describe methods for getting a more uniform approximation throughout
the interval of approximation in the cases when the magnitude of the errors
of interpolation is either much larger at one endpoint of the interval than the
other, or when the magnitudes of the errors at endpoints are roughly the same,
but differ considerably from those errors in the mid-range of the interval. We
also discuss improving approximation of the derivative obtained by differentiating
the constructed interpolation approximations. This chapter extends the recently
obtained results of (Stenger, ] Complex 25:292-302, 2009).

2.1 Introduction and Summary

Wavelets have become a powerful tool for solving computational problems of
engineering and science and to this end, G.G. Walter has made many excellent
contributions [12, 19, 20]. The majority of wavelet applications use Sinc functions
[14,17,19,21], although Walter and Shen have made important extensions to other
types of wavelets [12,20,21]. We expect that the work of [20,21] will have important
applications to other areas of electrical engineering, such as to the work of [7].
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It is often possible to improve a wavelet or other method of approximation by a
very simple procedure, and this is the main purpose of the this chapter.

More specifically, we address in this chapter, the approximations of a function f
on an interval or arc I', given a set of data points

X ={(j, )}y @2.1)

where the x; are distinct points of I". We assume that the data X is being interpolated
in some way, by a polynomial, a rational function, Fourier polynomial, a spline
method, a wavelet method, or a Sinc method.

A novel family of polynomial-like approximations that interpolate given Sinc
data of the form {(x;, f;)}}__, where the x; are Sinc points was recently derived in
[16]. Sinc interpolation to this data (see [17, Definition 1.5.12 and Theorem 1.5.13])
is of course accurate, provided that the function f with f; = f(x;) belongs to a
suitable space of functions. Frequently, we also desire derivative approximations of
the function f, and one way of obtaining these is by differentiating the interpolant
used to interpolate the data X. On the other hand, this type of approximation of the
derivative may not be very accurate, as is the case of Chebyshev polynomial, or Sinc
approximation. To this end, the main purpose of this chapter [16] was to be able to
get more accurate method of obtaining an approximation for the derivative of the
function f at the Sinc points X. This chapter [16] was thus directed mainly to the
replacement of Sinc interpolation with polynomial-like interpolation.

Function interpolation by one of the above-stated methods frequently has one of
the following features:

(E-E) The modulus of the error of approximation near one endpoint of an interval
differs considerably from the modulus of the error near the other endpoint.

(E-M) The modulus of the error near the two endpoints of the interval is roughly
equal but differs appreciably from the modulus of the error in the mid-range of
the interval.

In this chapter, we extend the methods of [16] by introducing, respectively,
“Pe_g” and “Pg_p~ —polynomial-like interpolation at the points x;. These poly-
nomials are obtained, respectively, via use of transformations on the independent
variable. The resulting new variables are rational functions of integer or fractional
powers over finite, semi-infinite, infinite intervals, or even over arcs in the complex
plane. The derivative of these newly constructed polynomials also enables more
accurate approximations of the derivative than the derivative of the original method
of interpolation.

As in [16], we initially study the errors in Sinc spaces ([16, Section 1.5.2]),
inasmuch as these spaces contain the usual spaces of functions that are analytic
on an interval containing I" and inasmuch as these spaces also house functions that
have singularities at endpoints of I".
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Sinc methods enable uniform approximation of functions on I, in spite of
possible singularities at endpoints of I". We thus also present a short review of basic
Sinc notation, and we then present the usual and well-known Lagrange polynomial
interpolation in Sect. 2.2. In Sect. 2.3, we introduce the polynomial Pr_g referred
to above, for approximating a function on [—1, 1], as well as for approximating the
derivative of f at x; by differentiating this polynomial. In Sect.2.4 we extend the
results of Sect. 2.3 to the approximation over a more general arc I . In Sect. 2.5 we
present the transformation Pg_yy, initially for approximation f and its derivative on
[—1,1], and we then extend these results to approximation over a more general arc
I', via use of the methods of Sect.2.4. In Sect. 2.6 we present several examples of
applications of our results.

2.2 Sinc Notation and Interpolation Formulas

In this section we recall some Sinc notation, and we also discuss polynomial
interpolation. Our polynomial interpolation presentation differs somewhat from that
of [16], where the interval [0, 1] was the starting point of derivation. Here it is more
convenient to derive the initial polynomial approximation for the interval [—1, 1],
for purposes of obtaining simpler formulas for other intervals.

2.2.1 Some Sinc Concepts

Let us first establish some mathematical notation which we shall require. Let Z
denote the set of all integers, R the real line, and C the complex plane {a+ib:a €
R,b € R}.

For a positive number /2 € R and for x € C, the Sinc function sinc(x) is defined
by ([14,22])

sin(7x) .

sinc(x) = -
X

This function has value 1 at x = 0, and vanishes at all other integer values of x.
It is more convenient for application to use the notation S(k, /) (x) for the function

S(k,h)(x) = sinc (;1-‘ - k) .
Given a number d > 0, we define the strip Z; as

P9y ={z€C: |3z <d}.

Let 2 be a simply connected domain having a boundary d ¥, and let a and b
denote two distinct points of d 7. Let ¢ denote a conformal map of & onto Z,; such



28 F. Stenger et al.

that @(a) = —oco and @ (b) = oo, and let us define the inverse conformal map by
v = ¢ . Let us also define p by p(z) = e®. In addition, let I" be an arc defined
by

I'={zeC:z=vy(u) :uecR}.

Letting o, B, and d denote arbitrary positive numbers, we denote by L, (¢) the
family of all functions that are analytic in & such that for all z € &, we have

p(2)|”
SN eI

We next restrict the above numbers o, §, and d suchthat 0 < ¢ < 1,0 < 8 <
1, and 0 < d < =, to define another class of functions Ma,ﬁ((p) to be the set of
all functions g defined on & that have finite limits g(a) = lim,_,, g(z) and g(b) =
lim__,; g(z) where the limits are taken from within &, and such that f € L, g(¢),
where

gla) +pg(b)
l+p

A one-dimensional approximation for a function f defined on an arc I" can be
obtained by applying the following Sinc interpolation formula:

f=g-

N
f) = fun(x)= Y fla)o(x), xeT, (2.2)
k=—M
where x; = y(kh) are Sinc points on I' and @y (x) are Sinc basis functions. These
Sinc basis functions are defined in the above notation, for arbitrary I", as follows.
Note that p (x;) = e”.

0j(x) =S(j,h)oo(x), j=-M,....N
_ 1 SEEIE))
aLM(X) - 1+P(x) _j:—;w+l 1+ejl1
G I SR T
N = T 2 Theh 23)

cf.[14]. Using the interpolation (2.2) in calculations generates an accurate approx-
imation with an exponentially decaying error rate which for M = [B N /] is given
for h = (md/(BN))'/?, by

Ey| = |f — fv]| < KN?e VAN, 2.4)

where [-] denotes the greatest integer function, where || - || denotes the sup norm on
I', and where K is a constant independent of N .
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It seems natural to obtain an approximation to f(*), the nth derivative of f, by
differentiating equation (2.2) with respect to x, which yields the approximation

N
0~ i@ =Y f) e k), xel, 2.5)
k=M

where x; are Sinc points on I" and @y (x) are Sinc basis function defined in (2.3).
IfM = [BN/a],if his selected as above, and if ¢’ is uniformly bounded on I', then
this approximation has an error bounded by [8]

I{f = fun} ™| < KV NHlemVdoN, (2.6)

with constant K, depending only on f and n, but independent of N . Otherwise
the approximation (2.5), while converging to f(”> on compact subsets of I', is
unbounded at endpoints of I".

Unfortunately, the formula (2.5) is useful only for some transformations ¢ of
R onto R. The formula (2.5) always yields unbounded results in neighborhoods of
finite endpoints of I" (see e.g., [6]).

2.2.2 Sinc and Lagrange Polynomial Approximation

Our polynomial interpolation presentation differs somewhat from that of [16], where
the interval [0, 1] was the starting point of derivation. Here it is more convenient for
purposes of simplicity of expression of the novel formulas which we shall derive to
consider polynomial approximation on the interval [—1, 1]. The polynomial methods
of [16] and of this chapter, in fact, polynomials of a rational function of p = e?.

Consider, for example, the case when each of the basis functions ®; of (2.2)
are just the functions §; of the equation following (2.2). In this case, the Sinc
approximation (2.2) may be written in the form ([14, 15])

_h. y f ()
Sun(x) = = sin (Z (p(x)) kZ‘M(_l)kW’ xerl. 2.7

This equation shows that the Sinc approximation is itself a product of
sin(m@(x)/h) and a rational function of ¢@(x). Indeed, as was demonstrated in
[1-3], via the introduction of a novel method of barycentric interpolation, the
factor sin(7 ¢ (x)/h) is not even necessary for purposes of evaluation of fs n(x).
Rational function methods of approximation of f were also introduced in ([13],
[14, Thm. 5.2.5]); those also were rationals in p = e? (but different ones from the
“polynomial-like” rationals of this chapter), which interpolated at the same Sinc
points, and which had the same order of error as the Sinc approximation (2.7).
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2.2.3 Lagrange Polynomial Interpolation on [—1, 1]

Generally Lagrange polynomial approximation over the interval [—1,1] is defined
in the following way.

Given a set of m = M + N + 1 distinct points {xj}.l;l:7M on the interval [—1,1]
and function values, {f (x/) }ll;l:7 > at these points, there exists a unique polynomial
p(x) of degree at most m — 1 satisfying,

pxj)=rf(xj), j=—-M,-M+1,....N. (2.8)

Here p(x) can be expressed as follows:

N
p)= 3, bj(x)f(x)), (2.9)
j=—M
where
PR 15))
bj(x) EErarTeL (2.10)
where N
glx) = H (x—x). (2.11)
I=—M

2.2.4 The Derivative of p(x)

We get the derivative of p by differentiating Eqs. (2.9) and (2.10) with respect to x.
To this end, and for our later purposes, it is convenient to define an m X m matrix
A=aji],jk=—M,... N such that

N
fE)=p' )= ajflx). (2.12)
k=—M
Here we have
aj = by =4 T x E (2.13)
ifk=j.

I=—M,#j % — Xl
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2.2.5 Error Estimates for Sinc Data

We now derive bounds on the errors of the approximation for the case of Sinc data
for the interval [—1,1]. These estimates are similar to the ones introduced in [16].
The following theorem will give an error estimate for the approximation of the
function f(x) by p(x) as well as an error bound for the approximation of f’(x;)
by p'(x;) for the case when the x; are Sinc points, and when f € M, g(¢), with
¢(x) =log((14x)/(1 —x)), this being a conformal map of the region.

Dy = DUye(_y 1) B(y,r) where r >0, and B(y,r) = {z € C: |z—y[ < r}.

We shall assume here for sake of simplicity of derivation of our results that
M=N.
Theorem 1. Let M =N, h= % with a constant 1 > 0 and independent of N, and
let {xj }I;lziN denote the Sinc points as defined above. Let f be in M, g (@), analytic

and bounded in D,, and let p and p'(x;) given by (2.9) and (2.12). Then there exist
two constants A and B, independent of N, such that

VN — 2N
[f(x) = p(x)[| <A—5 exp (2.14)
r 2n
and
() — P xy)] < B —N 2.15)
j:IElJ\E/I,)f,,N xXj)—p(x;)| < N exp on . .

The proof of the theorem requires three lemmas, the proofs of which can be found
in [16, 17].

Lemma 2. Leth= %, with M a positive constant and with N a positive integer. If

z=e? then
& <27 (2.16)
(1+2)2N ’
and there exists a constant A| independent of N such that
i log(1 —ze ™M) < _gzN% +1log(N¥)+A; . 2.17)
j=1 cn

Lemma 3. Let h = \/iﬁ with 1 a positive constant and with N a positive integer.
Then there exist two constants Ay and Az independent of N such that

_ ZN%
T L log(N?)+ A, (2.18)

N .
log(1—e /") <
=1

j=
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and

N _
3 log(1+¢ /) > +1log(N2) —As. (2.19)

j=1
Lemma 4. Let g(x) be defined as (2.11). Then

127

g'(x0)| = max g'(x;)]. (2.20)
j=—N,.,N

We now prove Theorem 1. This will be carried out via a sequence of sub-proofs.

Proof of Theorem 1: Proof of (2.14)

The error in approximating a function f(x) by p(x) using m interpolation points is
given by the following contour integral, for the error E,,,(f,x) = f(x) — p(x),

8(x) / f(2)
: AT 221
Enfx) = 2mi ) (z—x)g(2) < (22D
oD,
To find the upper bound of this integral, we will use the definition of D, which
gives |z—x| > rand |z—x;| > r for all x and x; in [—1,1] and z € dD,. Since we
assumed f(x) to be bounded in D5, we take |f(x)| < %B(f) in D,. Then

A(f) L(9D,)
[En(f0)] = 1f(x) = p() = 55 ax 8 (01— (2.22)
where L(dD;) < 4+ 2rr is the length of dDs.
Since p(x) = 1—+ﬁ, we have x = % ; this transformation maps p € (0,0) to

€ (—1,1). We estimate that the maximum value of g takes place approximately at
p = exp(%) (see [16]). Under these assumptions, we have

() - g5
1) M o1 e

N 2p —2e/"
(p+1)(1+e/h)

—ihN 2
_ 22NPN+1 N l_pe ih |1 _e*(N+1)h|
- (1+p)2N+1 P 1+eJh )

Now using the fact that |1 — e’(N+1)h| < 1 and that logH]jV:I aj= 21}’:1 logaj, we
apply Lemmas 2 and 3 to get

1
1 _a2N2
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where C| is a constant independent of N and 4. Using this bound in (2.22) yields the
right-hand side of (2.14).

Proof of (2.15):

We can similarly bound the approximation error for the derivative, f’(x;), by p’(x;):

! / / B ., L(dD
Falf) =17 ) =2l < %je(mﬁw 8"l (27172)'

(2.23)

Using Lemma 4 we have

N
max[g'(r))] = |¢/(xo)| = [T -l
o) at

Since M = N, we have x_; = —x; on (—1, 1), and therefore

” _NXZ_N ekh _ 1 2
o)l = [T =TT (557)

Now we only need to use Lemma 3 to get the right-hand side of (2.15).

2.3 Approximating with Transformed Polynomials

All of the “polynomials” which we shall construct are for the interval [—1,1].
Hence given the data X of (2.1) on the arc T', let & = &(x) denote a one-to-one
transformation of the arc I" to the interval [—1, 1]. This transformation transforms
the distinct points X of (2.1) to the distinct points

X' ={&} . &=E) (2.24)

Our “polynomial” takes the form
N
G .
P&)= 2 & (2.25)

in which

6@ =TI E-&). 2.26)
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The evaluation of Pg_g(x) for approximating f(x) using (2.25) is straightforward
by taking & = &(x) in (2.25). On the other hand, we find that

PE), {4

> = i (2.27)
k=—M
where, from (2.13),
G'(&) . ,
—_ ifk=j
_ENG
iz | 57 BTE) %)
— ifk=
1:,%1?&1‘ (‘5/ - ‘ik) 1 /
dé(x)

and where explicit expressions for the evaluation of == will depend on explicit
expressions for & (x) and will be given below.

2.4 Approximating with the Polynomials Pg_g

The purpose of the polynomials Pg_g is to make more equal the magnitudes of the
errors of interpolation in neighborhoods of the endpoints of I".

2.4.1 The Polynomials Pg_g on [—1,1]

We consider here the approximation of f and f’ on [—1,1], but with polynomials
Pr E.

Recall, for the case of the arc (—1,1), we have ¢ = ¢,, with ¢ (x) =log((1+
2)/(1=x)), p(x) = pa(x) = exp(@2(x)). and x = (p2(x) — 1)/ (pa(x) + 1.

We assume that we are given a (polynomial, trigonometric polynomial, rational
function, spline, wavelet, or Sinc) method of interpolating the data X, of (2.1), i.e.,
of the given data

X = {0 )P s

where the x; are distinct points on [—1, 1] (i.e., not necessarily Sinc points) listed
in increasing order. Suppose furthermore that the magnitudes of the errors of
approximation differ appreciably near the endpoints £1. In this case, consider
replacing x with &, where

X—C

é_

T l—cx

(2.29)
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and where c is a point of (—1,1) . This transformation & is a one-to-one transforma-
tion of the interval [—1, 1] to itself. Our aim is to obtain a polynomial approximation
with polynomial in the variable &, such that the errors of our polynomial near +1
are approximately equal, by suitably selecting c.

Our “polynomial” takes the form (2.25) and (2.26), in which &; = (x; —¢)/
(1—cxj).

If ¢ < 0, then more of the given Sinc points are shifted towards the right endpoint,
which decreases the error at this endpoint and increases it at the left endpoint, while
for ¢ > 0, we achieve the opposite effect.

The evaluation of Pg_g(x) for approximating f(x) using (2.25) is straight-
forward by taking & = £ (x) in (2.25), with & (x) given in (2.29).

Similarly, we can approximate the derivative of f at x; using (2.27), with
dé(x) 1—c?

x (1—cx)?’ (2-30)

2.4.2 Pg_g for Other Intervals

Let ¢ be a conformal map defined as in Sect.2.2.1 above, which transforms I" to
R. Recall [8] that if F € M, g(¢), then f = Fo @' o @, € My, g(¢2). Furthermore
for the case of I3 = (—1,1), we have x = (p, — 1)/(p2 + 1), where according to
our above definition, p, = exp(¢,) . Inasmuch as the above polynomial P(x) of
Sect.2.2.4 is a suitable polynomial for approximation on I3 = (—1,1), it follows
from Sinc theory [17] that a polynomial Pr_p = Pg_g(&) in the variable & =
(p(x)—1)/(p(x)+ 1) with p(x) = exp(@(x)) will then be a good approximation
onl"'=¢ '((R)).

Hence, if we take p(x) = exp(¢(x)), then (with ¢ € (—1,1) as above), the
new shifted polynomial Pg_g with shift from w(0) to w(log((1+¢)/(1—c¢)) =
v (log(q)) is a polynomial Pg_g (&) in the variable & = (p(x) — q)/(p(x) + q), with
g=(1+0)/(1-c).

Now suppose that we are given the above set of data points X, with the x;
distinct points of I", and that we wish to interpolate this data with this “polynomial”
Pe_g(&). The interpolation points &; then become &; = (p(xj) —¢q)/(p(xj) +¢) .
The “polynomial” Pgp_g thus takes the form of (2.25). This polynomial Pg_pg
interpolates the data X, i.e., we have Pg_g(& j) = f}, and it can be readily evaluated
using (2.25) and (2.26) to get a method of approximating f(x) ~ Pr_g(&(x)) on I'.

dPe_p(8(x)
dx

To approximate f’(x;), on I', we use the derivative which can be

evaluated via use of (2.27) and (2.28), with

dS(x) _2qp(x)¢'(x) (2.31)

dx (p(x)+q)?
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2.5 Approximating with the Polynomials Pg_y,

In this case, we assume that the errors of the given method of approximation in
neighborhoods of the endpoints of I" are approximately equal in magnitude, but
differ considerably in magnitude from the errors in the mid-range of I, and we now
wish to have similar magnitudes of the errors at the endpoints and mid-range of I".

2.5.1 PE_Mfor [—1,1]

Recall once again, that for the case of I' = I = (—1,1), we gave x = (pa(x) —
1)/(p2(x) + 1) where pp(x) = (1 +x)/(1 —x) . In order to equalize the errors at the
endpoints of I3 with those of the mid-range of 5, we take

£ ~ pr0)* -1

(2.32)
(1+x)%—(1-x)*
(14+x)*+ (1 —x)*

The polynomial Pg_p(E(x)) can then be evaluated via use of (2.25), taking
&j = &(xj), and we can use this polynomial to get a new approximation to the
function f(x) on [—1,1]. Evidently, these new points of interpolation &; have
properties similar to those of the Sinc points of I . Hence, if the original method of
interpolation is based on classical polynomial (e.g., Chebyshev, or Newton—Cotes)
methods, then this new method of approximation should yield greater accuracy
when f has singularities at the endpoints of I5 .

Similarly, we can use (2.27) to get a new approximation to f’(x;), where we now
require use of the expression

4o (1—x;)2e?

"(x;) = . 2.33
)= W)+ (17 239
2.5.2 Pg_p for an Arbitrary Arc I
We now define & by the equation
IO PG it (2.34)

where o is a positive number.
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Towards evaluation of the resulting polynomial Pr_p (& (x)), we use (2.25)
and (2.26) in which we take & = &(x). To approximate f’(xj), we simply
differentiate Pr_ (& (x)) with respect to x, and for this purpose, we require

d(x)  2ap()*¢'(x)
dx (p(x)*+1)?

(2.35)

2.5.3 A Pg_y for Equi-Spaced Interpolation

Equi-spaced interpolation corresponds to Sinc interpolation on the real line, in
which case, we have @(x) = x, so that p(x) = exp(x). Thus (2.34) yields the
transformation

L p)r—1 e
§=8(x)= O RrTSh (2.36)

In this case, we have
dé(x) 200e**

o~ T (2.37)

2.5.4 A More General Pg_y for [—1,1]

We can postulate a further generalization of the transformation (2.32) above, for
polynomial approximation on [—1, 1] . These transformations are given by

B B (14x)%—(1—x)P
=6 = 07 ()P (2.38)

or more generally, by

(1+x)%—g(1—x)P
(1+x)%+g(1—x)B"

In (2.39), ¢, o, and B are arbitrary positive numbers. These transformations may
enable polynomial approximations that are more efficient than those made possible
using (2.32) in the case when f has different Lipschitz behavior at the two endpoints
41 of I> . The transformation (2.39) is somewhat more general than (2.38), in that
it also enables a shift of the origin, in the spirit of Sect.2.4.1.

We may note that for the case of (2.39), we have

E=c()=

(2.39)

dé(x)  2q(1—x)* ' (1+x)P (B (1+x)+a(l—x))
ax (109 +q(1-x)P)? 40
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which is positive on (—1,1) for all positive values of o, 3, and g and which shows
that the transformations (2.38) and (2.39) are one-to-one transformations of the
interval (—1,1) to itself.

In this chapter, we neither consider further study of these transformations, nor
their extension to other arcs.

2.5.5 Some Explicit Transformations Based on Sinc

At this point, we express some polynomial approximations in polynomials in the
variable & as a function of x as follows (see [17, Section 1.5.3] for more detail and
for other such transformations).

1. If ¢(x) = x, then I' = R, the Sinc points are x; = jh, and & = (p
() =1D/(px)+1) = ("= 1)/(e"+1).

2. If @(x) = ¢ (x) =log((1+x)/(1 —x), then I" =I5 = (—1,1), the Sinc points are
X = (= D)/ + 1),and (pr— 1)/(pr+ 1) =x.

3. If @(x) = log(x), then I' = (0, ), the Sinc points are x; = e/, and & = (p(x) —
D/(p(x)+1) = (r— 1)/(x+1). |

4. If @(x) = log(sinh(x)), then I" = (0,c0), the Sinc points are x; = log(e/” +
V14e?/ and & = (p(x) —1)/(p(x) + 1) = (sinh(x) — 1)/(sinh(x) + 1).

5. If @(x) = log(x++/1+x?), then I' = R, the Sinc points are xj = sinh(jh), and
E=(p)—/(p(x)+1)= (Var+ 1+x—1)/(Va>+1+x+1).

Other interesting examples are possible via use of the excellent double exponen-
tial transformations of [9, 10, 18].
2.6 Numerical Examples

In this section we give some examples of improving a given approximation of a
function as well as examples of improving approximations of the derivative of the
given approximation. All of our plots are obtained by evaluation both functions and
approximations at the points x = —1+ (j —1/2)/1000, for j =1,...,1000.

2.6.1 Improving Approximations to Runge’s Function

In [11] Runge studied the approximation of the function
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Fig. 2.1 Newton—Cotes polynomial error

1
[ —— —5<x<5
f0 =172 <x<
(2.41)
1
= = —1<x<1
142542 =r=

using equi-spaced Newton—Cotes polynomials. Although Runge’s problem is over a
century old, it is only in recent times that exponentially convergent Runge defeating
methods have been developed [4, 5]. In this example we illustrate the errors of
approximation of this function.

Example 1. In Fig.2.1 we have plotted the difference between f and the Newton—
Cotes po lynomial P>y that interpolates f at the points x; = —1+ (j —1)/N,
j=1,2, ..., 2N+1,withN=12.

In Fig. 2.2, we plotted the difference f7 — P |, with Py as in Fig. 2.1.

Example 2. In Figs.2.3 and 2.4, we have plotted the errors of Sinc approximation
of f, and f’, namely,

N

flx) = ._Z,Nf(Xj)S(j,h)(X)
' (2.42)
N
P = Y fo)(SGh ),
j=—N
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Fig. 2.2 Derivative of Newton—Cotes polynomial error
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Fig. 2.3 Sinc approximation error

with A = 1 /N, and with N = 12. The approximation is reasonably accurate, but not
impressively so, since, while “Sinc points” {jh} are used ([17, Section 1.5.1]), the
function f does not belong to the space of [17, Example 1.5.4].
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Fig. 2.4 Derivative of Sinc approximation error

Example 3. Here we use the polynomial Pr_p (& (x)) based on the transformation
& =(e**—1)/(e**+1), a transformation motivated by item #1 of Sect. 2.5.5, since
the interpolation points { ji} are Sinc points of the real line R . Figures 2.5 and 2.6
illustrate plots of the differences

Jx) = Pe-m(&(x)),

df(x)  dPe-m(§(x))
dx dx '

(2.43)

Example 4. Here we use the polynomial Pg_ (& (x)) based on the transformation

(1+0)% = (1-x)%

§=c()= o o
14+x)*+(1—-x)

the transformation given in (2.32). We get the following figures that illustrate the

approximations as given in (2.42), but with Pg_ 3 now depending on the & of (2.43)
(Figs. 2.3 and 2.4).

(2.44)

Example 5. Here we illustrate use of the transformation of Sect.2.4.1, which we
may, upon observing that the f is an even function, and that the interpolation points
x; are evenly distributed on [—1,1]. We first extend the domain of approximation
from [0,1] to [—1,1] by means of the transformation y = 2x> — 1, and we then
approximate over [—1,1] with the variable z = (y — ¢)/(1 4+ yc) . We have only
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Fig. 2.6 Derivative of exponential polynomial error
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Fig. 2.9 f{ minus trans circ poly approx error
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Fig. 2.10 Trans circ poly prime error

plotted for 0 < x < 1; the plot for x — —x is similar, due to symmetry. Note the
incredibly accurate approximation thus obtainable (Figs. 2.9 and 2.10).
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2.6.2 More Uniform Chebyshev Polynomial Approximation

Use of Chebyshev polynomial approximation has become an accurate way to solve
many problems in applications. The results are usually very accurate, except in the
presence of singularities at endpoints of the interval of approximation. To this end
we have carried out several tests of polynomial approximations to functions that
have singularities at endpoints of the interval, and we have reached the following
conclusions:

1. The approximation of f(x) = (1 —x)>* and its derivative by means of the
transformation (2.28). Only about 10% improvement was possible, mainly
because this transformation is unable to remove the singularity.

2. The approximation of (1 —x?)/* using the transformation (2.32). Here, too, only
about 10 % improvement was possible.

3. The approximation of the function (1 —x)l/ 4 using the transformation (2.38).
Fantastic improvement was possible, with proper choice of o and f, as is
illustrated in Figs.2.11 and 2.12 below. Best results were obtained for N = 12,
with o = 0.86, and B = 0.387. Evidently, this transformation has possibilities.
We were not able to determine a priori the parameters o and f3 .

4. The transformation (2.39) had almost no advantages over (2.38), i.e., whenever
we tried it, best approximation always occurred with g very close to 1. These
parameters were determined via a “trial and error” Bellman-style selection
process, i.e., we first fixed ¢ and we then determined o and 3 . A different order
of selection may determine different values of these parameters.

2.6.3 More Uniform Wavelet Approximation

Here, too, we did several examples to study wavelet approximations. Methods for
improving approximations in cases when f has on singularities at endpoints of
the interval are well known (see [17, Section 3.10]). Hence we turned our studies
only to cases of when f has singularities at endpoints of the interval. To this end,
our conclusions were similar to those in the previous section, i.e., the transfor-
mations (2.29) and (2.36) produced relatively little improvement, whereas (2.37)
produced excellent results.

We include here the function f(x) = x(% — x?)!/4, for which we have assumed
a given approximation at the points j7/(N + 1) of the interval (0, ). We assumed
that this odd period function was approximated via use of the wavelet approximation
([17, (1.4.15)])

2_

_sinv) ksm<k”>f<%>
Wi (x) g cos0) —cos () (2.45)
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Fig. 2.14 Error of transformed wavelet approximation

We observe from Figs.2.13 and 2.14 that in taking N = 12, using the transforma-
tion (2.39) and making the selections o = 0.94, B = 0.457, and ¢ = 0.9999 reduce
the error of approximation by about a factor of 25 .
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2.7 Conclusion

In this chapter, we introduced polynomial-like procedures for improving the
approximation of a function using given interpolating data, although independently
of the method of approximation. To this end, up to three parameters ¢ <+ g and o and
B were used in our approximations. These parameters were determined by trial and
error. They depend not only on the function f that is being approximated but also on
the order of approximation. At this time we do not have a method for determining
these parameters a priori.
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Chapter 3
Generalized Sampling in L>(R¢) Shift-Invariant
Subspaces with Multiple Stable Generators

H.R. Fernandez-Morales, A. G. Garcia, and G. Pérez-Villalon

Abstract In order to avoid most of the problems associated with classical
Shannon’s sampling theory, nowadays, signals are assumed to belong to some
shift-invariant subspace. In this work we consider a general shift-invariant space Vg,
of L*(R?) with a set @ of r stable generators. Besides, in many common situations,
the available data of a signal are samples of some filtered versions of the signal itself
taken at a sub-lattice of R?. This leads to the problem of generalized sampling in
shift-invariant spaces. Assuming that the ¢>-norm of the generalized samples of any
fe qu, is stable with respect to the L?(R?)-norm of the signal f, we derive frame
expansions in the shift-invariant subspace allowing the recovery of the signals in Vg,
from the available data. The mathematical technique used here mimics the Fourier
duality technique which works for classical Paley—Wiener spaces.

3.1 By Way of Introduction

The classical Whittaker—Shannon—Kotel’nikov sampling theorem (WSK sampling

theorem) [23, 52] states that any function f band-limited to [—1/2,1/2], i.e
fo)y=/" 162 F(w)e2™vdw for each r € R, may be reconstructed from the sequence
of samples { ()} nc7 as

Zf m7 reR.
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Thus, the Paley—Wiener space PW, /, of band-limited functions to [—1/2,1/2] is
generated by the integer shifts of the cardinal sine function, sinc(¢) := sin 7t/ 7z.
A simple proof of this result is given by using the Fourier duality technique which
uses that the Fourier transform

T PWyj, — L*[—1/2,1/2]
f—7

is a unitary operator from the Paley—Wiener space PW , of band-limited functions
to [—1/2,1/2] onto L*[—1/2,1/2]. Thus, applying the inverse Fourier transform
Z~! to the Fourier series f = Yoo f(n)e 2™ of fin L*[—1/2,1/2] one gets

S )T e g oy 0)] ()

n=-—oco

f(@)

= S SN gy,

P n(t—n)

The pointwise convergence comes from the fact that PW;/; is a reproducing
kernel Hilbert space (written shortly as RKHS) where convergence in norm implies
pointwise convergence (which is, in this case, uniform on R); this comes out from
the inequality |f(¢)| < ||f[| for eacht € R and f € PW, ), (for the RKHS’s theory
and applications, see, for instance, [37]).

The WSK theorem has its d-dimensional counterpart. Any function f band-
limited to the d-dimensional cube [1/2,1/2)% i.e.. f(t) = fi_y /5.1 jya f (X)€" 1dx
for each t € R? (here we are using the notation x'# := x1#; + - - - + x4t; identifying
elements in RY with column vectors), may be reconstructed from the sequence of
samples { f(0()} ,,cza as

sinm(ty —oq)  sinw(ty — oy)

1) = a , t=(t1,... 1) ERY,
1) agz'df( ) pp——— 7(ta — 0g) (11 )
where oo = (@, ..., 0tz). Although Shannon’s sampling theory has had an enormous

impact, it has a number of problems, as pointed out by Unser in [44,45]: It relies on
the use of ideal filters; the band-limited hypothesis is in contradiction with the idea
of a finite duration signal; the band-limiting operation generates Gibbs oscillations;
and finally, the sinc function has a very slow decay at infinity which makes
computation in the signal domain very inefficient. Besides, in several dimensions,
it is also inefficient to assume that a multidimensional signal is band-limited to a
d-dimensional interval. Moreover, many applied problems impose different a priori
constraints on the type of signals. For this reason, sampling and reconstruction
problems have been investigated in spline spaces, wavelet spaces, and general shift-
invariant spaces; signals are assumed to belong to some shift-invariant space of the
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form V5 :=span 2 {¢(t — ) : o € Z*} where the function ¢ in L*(R?) is called the
generator of Vq%. See, for instance, [1,3,4,6,7,10,24,45,47,49-51,53] and references
therein.

In this new context, the analogous of the WSK sampling theorem in a
shift-invariant space Vq% was first time proved by Walter in [47].

3.1.1 Walter’s Sampling Theorem in Shift-Invariant Spaces

Let ¢ € L*(R) be a stable generator for the shift-invariant space V(g which means
that the sequence {@(- —n)},cz is a Riesz basis for Vq%. A Riesz basis in a separable
Hilbert space is the image of an orthonormal basis by means of a bounded invertible
operator. Any Riesz basis {x,}_, has a unique biorthogonal (dual) Riesz basis
{yn}to_y, 1., (Xn,Ym) . = Onm, such that the expansions

oo

(X, 3n) 0 Xn = z (X,Xn) 2 Yn
1 n=1

X =

Ms

n

hold for every x € 77 (see [11] for more details and proofs). Recall that the sequence
{@(- —n) },ez is a Riesz sequence, i.e., a Riesz basis for Vq% (see, for instance, [11,
p 143]) if and only if there exist two positive constants 0 < A < B such that

A< Y [pw+k)|?<B, aewel0,1].
keZ

Thus, we have that Vq% ={3pczan 0(-—n) : {a,} € (Z)} C L*(R).

We assume that the functions in the shift-invariant space Vq% are continuous on R.
This is equivalent to say that the generator ¢ is continuous on R and the function
Y.z |@(t —n)|? is uniformly bounded on R (see [42]). Thus, any f € Vq% is defined
on R as the pointwise sum f(t) =Y,c7 a,0(t —n) foreacht € R.

On the other hand, the space Vq% is the image of the Hilbert space L?[0,1] by
means of the isomorphism

Tp: L2[0,1] — V,
{7}z — {o(t = n)}nez,

which maps the orthonormal basis {e 2%} .7 for L?[0,1] onto the Riesz basis
{@(t —n)}pez for Vq%. For any F € L?[0, 1] we have

ToF (1) = 3 (F,e 2™ o(t — n)

nez

= <F7 2 (p(t —n)ezmnx> = <F7KI>L2[071]7 re R,

nez



54 H.R. Fernandez-Morales et al.

where, for each ¢ € R, the function K; € L?[0,1] is given by

K(x) =Y o(t—n)e ™ =Y o(t+n)e 2 =Zo(t,x).

nez nez

Here, Z@(t,x) := Y,,c7 @ (t +n)e 2" denotes the Zak transform of the function .
See [11,22] for properties and uses of the Zak transform.

As a consequence, the samples in {f(a+m)} ez of f € V3, where a € [0,1) is
fixed, can be expressed as

fla+m) = (F,Ky ) = (F,e 2™ K.\ meZ where F = %*If.

Thus, the stable recovery of f € V;; from the sequence of its samples { f(a+m)} ez
reduces to the study of the sequence {e 2" K,(x)} _ in L*[0,1]. Recall that the

operator mp : L*[0,1] — L?[0, 1] given as the product mp(f) = F f is well defined
if and only if F € L*[0, 1], and then, it is bounded with norm ||mp|| = ||F .. As a
consequence, the following result comes out:

Theorem 1. The sequence of functions {e’Z”i’"xKa ()c)}meZ is a Riesz basis for
L?[0,1] if and only if the inequalities 0 < || Ky ||o < ||Kal|e < oo hold, where | Ky ||o :=
essinf,c(o,1]|Ka(x)| and ||Kq|| := esssupycpo 1) [Ka(x)|. Moreover; its biorthogonal

Riesz basis is {e’z’””’x/Ka (x) } .
meZ

In particular, the sequence {e ™K, (x)} _ isan orthonormal basis in L*[0, 1] if
and only if |K,(x)| = 1 a.e.in [0, 1].
Let a be areal number in [0, 1) such that 0 < ||K,||o < || K|l < ; next, we prove

Walter’s sampling theorem for Vq% in [47]. Given f € V(g, we expand the function

F = %*1]‘ € L%[0,1] with respect to the Riesz basis {e’Z”i”x/Ka(x)} » Thus,
we get "

mez

—2minx

(¢]

in 22]0,1].

F= 3 (F Kaon) = == 3 flatn)

nez alx nez Ka(x)

Applying the operator .7, to the above expansion we obtain

f= Z f(a—l—n)% (efzﬂim/m) — 2 fla+n)S,(-—n) in LZ(R),
ne nez
where we have used the shifting property 7, (e 2™ F)(t) = (Z,F)(t —n), t € R,
and n € Z, satisfied by the isomorphism .7, for the particular function S, :=
To(1/K,) € Vq%. As in the Paley—Wiener case, the shift-invariant space Vq% is a
RKHS. Indeed, for each r € R, the evaluation functional at ¢ is bounded:

1/2
If(t)ISIFIIIIKIIISI%llllleIIIIfl—II%II<Z|<P(t—n)lz> 171, fevy.

nez
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Therefore, the L?>-convergence implies pointwise convergence which here is uniform
on R. The convergence is also absolute due to the unconditional convergence of a
Riesz expansion. Thus, for each f € V2, we get the sampling formula

fr)= i fla+n)S.(t—n), teR. 3.1

n=-—oco

This mathematical technique, which mimics the Fourier duality technique for Paley—
Wiener spaces [23], has been successfully used in deriving sampling formulas in
other sampling settings [14,16,17,19,21,25,31,32]. In this work, it will be used for
obtaining generalized sampling formulas in L?(R?) shift-invariant subspaces with
multiple stable generators.

3.1.2 Statement of the General Problem

Assume that our functions (signals) belong to some shift-invariant space of the form
V3= spaan(Rd){(pk(t— o) k=1,2,...,rand o € Zd} ,

where the functions in @ := { ¢y, ..., @, } in L?(R?) are called a set of generators for
V(%. Assuming that the sequence {@y(t — &)} ;74 1y 2., iS a Riesz basis for V(%,
the shift-invariant space V3 can be described as

v;_{ > 3 di(0) @t —ct) : dkeﬁz(Zd),k_l,Z,...,r}. (3.2)
1

oczZd k=

See [8,9,36] for the general theory of shift-invariant spaces and their applications.
These spaces and the scaling functions @ = {@y,...,®,} appear in the multiwavelet
setting. Multiwavelets lead to multiresolution analyses and fast algorithms just
as scalar wavelets, but they have some advantages: they can have short support
coupled with high smoothness and high approximation order, and they can be
both symmetric and orthogonal (see, for instance, [29]). Classical sampling in
multiwavelet subspaces has been studied in [38,43].

On the other hand, in many common situations, the available data are samples
of some filtered versions f *h; of the signal f itself, where the average function
h; reflects the characteristics of the acquisition device. This leads to generalized
sampling (also called average sampling) in VC%, (see, among others, [1,5, 14,16, 17,
30,34,35,40,41,43]).

Suppose that s convolution systems (linear time-invariant systems or filters in en-
gineering jargon) .%;, j = 1,2,...,s, are defined on the shift-invariant subspace VC%,
of L*(R?). Assume also that the sequence of samples {(.Z;f)(Ma)} yeza -1,
for f in Vé is available, where the samples are taken at the sub-lattice MZ? of
Z?, where M denotes a matrix of integer entries with positive determinant. If we

yeeerS
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sample any function f € VC%, on MZ“, we are using the sampling rate 1/r(detM)
and, roughly speaking, we will need, for the recovery of f € V(%, the sequence
of generalized samples {(.Z;f)(Ma)}qeza ;1o ; coming from s > r(detM)
convolution systems .Z;.

Assume that the sequences of generalized samples satisfy the following stability
condition: There exist two positive constants 0 < A < B such that

N

AP S 1L F (M) <B|f|> forall feVa.

J=laeczd

In [5] the set of systems {.%},.%, ...,-%} is said to be an M-stable filtering sampler
for Vé. The aim of this work is to obtain sampling formulas in qu, having the form

fO =@t Y, T (LHMa)S; M), 1eR, (3

J=laczd

such that the sequence of reconstruction functions {S;(- —Ma)} acZd, =12, ..
frame for the shift-invariant space qu,. This will be done in the light of the frame
theory for separable Hilbert spaces, by using a similar mathematical technique as in
the above section.

Recall that a sequence {x,} is a frame for a separable Hilbert space .77 if there

exist two constants A, B > 0 (frame bounds) such that

Allx|]> < 2‘|<x,xn>|2 < B|x||* forallxe€ .
n

Given a frame {x,} for JZ the representation property of any vector x €
as a series x = Y, cpX, is retained, but, unlike the case of Riesz bases, the
uniqueness of this representation (for overcomplete frames) is sacrificed. Suitable
frame coefficients c,, depending linearly and continuously on x, are obtained by
using the dual frames {y,} of {x,}, i.e., the sequence {y,} is another frame for .77
such that, for each x € J#, the expansions x = Y., (x, yn )Xy = 3., {x,Xn)y, hold. For
more details on the frame theory see the superb monograph [11] and the references
therein.

3.2 Preliminaries on L?(RY) Shift-Invariant Subspaces

Let @ := {@1,¢,,...,¢,} be a set of functions, where ¢ € L>(RY) k=1,2,...,r,
such that the sequence {@(t — a)} is a Riesz basis for the shift-
invariant space

acZd, k=12....r

V3= { Y rldk(oc) ot —a):dye?(2%), k= 1,2...,r} C L*(RY).

oczZd k=
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There exists a necessary and sufficient condition involving the Gramian matrix
function

~ =T ~ ~ ~ —~
Go(w):= Y, @(w+o)®(w+a) , where @ := (@1, P2, 0) |,

oczd

which assures that the sequence { (- — &)}, czd j—1 2., is a Riesz basis for V(%,
namely (see, for instance, [5]): There exist two positive constants ¢ and C such that

cl, <Go(w) <CI, ae. wel0,1)7. (3.4)

We assume throughout this chapter that the functions in the shift-invariant space
V(% are continuous on R?. As in the case of one generator, this is equivalent to the
generators @ being continuous on R? with Yoczd | P — o) | uniformly bounded
on RY. Thus, any f € V3 is defined on R? as the pointwise sum

2 S da) gt —a), teR? (3.5)
k=1 gezd

Besides, the space V(% is an RKHS since the evaluation functionals, E; f := f(¢), are
bounded on V(%. Indeed, for each fixed ¢ € RY, we have

2

szk ) Ot — )

aczd k=1

(Ozm (2 5w

<§:imww><sz—w@
acZd k=1 aczd
|f||2 2 D1 —a)f, feVR,

oczd

IN

I /\

where we have used Cauchy—Schwarz’s inequality in (3.5), and the inequality
satisfied for any lower Riesz bound ¢ of the Riesz basis {Qk(- — )} yepa j—12.
for V3. ie., ¢ pepa Sy lde(0) < | ]

Thus, the convergence in VC%, in the L?(R¥) sense implies pointwise convergence
which is uniform on R¢.

The product space

L}[0,1)":={F = (F,F,....F,) : F e L*[0,1), k=1,2,...,r}
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with its usual inner product

M-

(F.H) 200,100 == 2, (Fi, Hi) 200,190 = /H*(W)F(W)dw

¢ 0,14

1

becomes a Hilbert space. Similarly, we introduce the product Banach space
Lr[0,1)4.

The system {e’z”"“TWek} wezd k-1 > Where & denotes the vector of R” with
all the components null except the kth éomponent which is equal to one, is an
orthonormal basis for L2[0,1)<.

The shift-invariant space Vé is the image of L2[0,1)? by means of the
isomorphism

T 1 L2[0,1) — V3

_2mio "
{e— ™ Wek}aezd, k:1,2,...,r'—>{(Pk(t—a)}aezd, k=12,....r

; : —2mioTw 2 d
which maps the orthonormal basis {e ek}aezd, k=12, . for L:[0,1)¢ onto

the Riesz basis {Q(f — @)} gepa -1, , for V2. For each F = (Fy,...,F,)' €
12[0,1)¢ we have

ToF(t) = 3 z<Fk,e*Z”"O‘T'>L2[O’1),,(pk(t—Oc), teR. (3.6)
aezd k=1

The isomorphism g can also be expressed by

f(t) = g‘PF(t) = <F7K1>L%[0’1>d7 re Rd,

where the kernel transform RY = ¢+ K, € L2[0, 1) is defined as K, (x) := Z®(t,x),
and Z® denotes the Zak transform of @, i.e.,

(Z®)(t,w) = Y, D1+ a)e 27w,

oczd

Note that (Z®) = (Z¢y,...,Z¢,) " where Z denotes the usual Zak transform.
The following shifting property of 7o will be used later: For F € L2[0,1)? and
o € 7%, we have

To[F()e (1) = ToF(t — ), 1R’ 3.7)

3.2.1 The Convolution Systems £; on V2,

We consider s convolution systems . f = fxh;, j=1,2,...,s, defined for f € Vc%,
where each impulse response h; belongs to one of the following three types:
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(a) The impulse response h; is a linear combination of partial derivatives of shifted
delta functionals, i.e.,

("%f)(t) = Z Cj,ﬁDﬁf(l-f—djﬁ), teR?.
[BI<N;

If there is a system of this type, we also assume that Y.,z |[DPo(r — o) [? is
uniformly bounded on R¢ for |B| < N; .

(b) The impulse response h; of % belongs to L*(RY). Thus, for any f € V2,
we have

(L) (@) = [f*hjl( /f dx, t€eR?

(¢) The function H,- € L= (R?) whenever Hy, (x) := 3, cpa |Pc(x + )| € L?[0,1)4
forallk=1,2,...,r

Lemma 1. Let . be a convolution system of the type (b) or (c). Then, for
each fixed t € R the sequence {(L gk ) (1 + @)} yeya belongs to (*(Z) for each
k=1,...,r

Proof. First assume that h € L?(R¢); then, we have

2
D Lot + o) Y Lot +o)e e = 2L @it ) 720,10
aezd aezd 12[0,1)¢
2
_ z (%) (x—i—ot)ezm(”“)” 7
1/ L2]0,1)4

where, in the last equality, we have used a version of the Poisson summation
formula [20, Lemma 2. 1] Notice that @y, her? (R) implies, by Cauchy—Schwarz’s

inequality, that ch = Z¢, € L' (R?). Now,

2
Z (%) (X—I— a)EZTCi(er(X)Tt

oeZd

12[0,1)4

= 2 Or(x+ Ot)ﬂ(x_y a)ezﬂi(er(X)Tt

oczd

L2[0,1)4

12 1/2||2
<2 Iak(erOC)Iz) (Z Ih(X+0<)|2> Cl/zl\hlleou,

i d
OLEZS oEL 200,14

IN
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where we have used (3.4) and the fact that || hHL2 pd) = | Zaezd lh(x+ o))l f0,1)4-
Finally, assume that Hy, € L*[0,1)?; since ¢ € L1 (R?) N L*(R?), we obtain that

2, = gch € L'(RY) N LP(RY). Since Loz [Ze(x+ )| < [0l (g Ho, (2),
using again [20, Lemma 2.1], we get

2
I D T
aezd ae7d oy
? 2
<| X Zatero) — [, 0 -

O

Lemma 2. Let £ be a convolution system of the type (a), (b), or (c). Then, for each
fe qu,, we have

(L) (0)=(F(ZZLD) (t,)) 31010 Where F=J7,'f.

Proof. Assume that £ is a convolution system of type (a). Under our hypothesis
on %, form=0,1,2....N, we have that

Fm) = 2<F e 2mia! >(p( )(t—oc).

oczZd k=

Having in mind we have assumed that ¥, ;4 |®@" (t — &) ? is uniformly bounded
on R?, we obtain that

% _ u (m) d) u F —2mia -\ (m) d
(20 = X ons ™1+ zzz< e ) 0" 1+ d— )
— 2 <Fka 2 Cn 2 (Pk l‘-‘rdm ) 27ri(xT.>
k=1 =0 aezd L2[0,1)4

oczd

- i <Fk= > T(pk(t—a)ezfnaT'> - i <Fk7(F*Pk)(fv')>L2[Oyl>d'
P k=1

Assume now that . is a convolution system of the type (b) or (c). For each t € R,
considering the function y(x) := h(—x), we have

(L)) = W= D)2 <2 i( 2”"“‘><pk<-—a>,w<-—r>>
zdk=1 (&)
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Z i <Fk, efzm'(xT->

(O Y( =1+ 0)) 2 (ray

ozt i=1 oD
- < 2mio”
= Fi.e” ! > f(pkt—a .
Z& L

Since the sequence {(L @) (t + 1)} ycpa € £2(Z7), Parseval’s equality gives

(ZN) =2 <Fk, D %(t_a)eﬂma?>

1 oaczd L2[0,1)4

- <F,(Z$‘D)(fa')>Lz(o,1>’

which ends the proof. O

3.2.2 Sampling at a Lattice of 7¢: An Expression for the
Samples

Given a nonsingular matrix M with integer entries, we consider the lattice in Z¢
generated by M, i.e.,

Ay :={Mo:aczi} cz?.

Without loss of generality, we can assume that detM > 0; otherwise, we can
consider M’ = ME where E is some d X d integer matrix satisfying detk = —1.
Trivially, Ay = A;,. We denote by M T and M~ the transpose matrices of M and
M1, respectively. The following useful generalized orthogonal relationship holds
(see [46]):

Y emaln {detM’ oo (3.38)
peN (MT) 0 aEl \AM
where
N M) =20 {M x:xe€[0,1). (3.9)

The set A" (MT) has detM elements (see [46] or [48]). One of these elements is
zero, say i1 = 0; we denote the rest of elements by is,. .., igerps Ordered in any form;
from now on, A (M") = {i; = 0,ia,...,igen } C Z°.

Note that the sets, defined as Q; :== M~ Ti; + M~ "[0,1)%, | = 1,2,...,detM,
satisfy (see [48, p 110])

detM
0/NQy=0if I#4!' and V01<U Q,) =1.
=1
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Thus, [ )¢ F(x)dx = et Jo, F (x)dx, for any function F integrable in [0, 1)¢ and
74 -periodic. See also [39] and references therein for an abstract version of sampling
in lattice invariant subspaces.

Now, assume that we sample the filtered versions .Z; f of f € Vc%,, j=12,...s,
at a lattice Ay;. Having in mind Lemma 2, for j = 1,2,...,s and a € Z¢, we obtain
that

) (FZZ®(Ma. — (FZZ®(0 e 2ric M
(L) Ma) = (F,ZZ,0(Ma, ) <F,Z.,sfgq>(o, Je >L%[O’l)d, (3.10)
where F = 7, ' f € L2[0,1)¢. Denote
g(x):=2L®(0,x), j=12,.. . s; 3.11)

in other words, g (x) := (g;.1(x),8j2(x), .-+, j.-(x)), where g; 1 (x) = ZZ;p (0, x)
forl <j<sand 1 <k<r.

As a consequence of expression (3.10) for generalized samples, a challenging
problem is to study the completeness, Bessel, frame, or Riesz basis properties of any
—2miaMx) in £2[0,1)“. To this end we introduce

sequence {g;(x)e C€Zd, j=12,..5

the s X r(detM) matrix of functions

gl (x) gl (x+M Tip) - gl (x+ M Tigern)

T T T

1 g -8

T T ~T; T ~T;

g (%) g (x+M i) - g (x+M" Vigerm)

Gx)i= |27 2 “ (3.12)

g (x) g (x+M Tir) - g (x+ M Tigerm)
and its related constants

Ag := essinf Ayin[G* (x)G(x)], Bg := esssup Amax [G* (x)G(x)],
x€[0,1)4 x€[0,1)4

where G*(x) denotes the transpose conjugate of the matrix G(x) and Apyi, (re-
spectively Amax), the smallest (respectively the largest) eigenvalue of the positive
semidefinite matrix G*(x)G(x). Observe that 0 < Ag < Bg < oo. Note that in the
definition of the matrix G(x) we are considering the Z¢-periodic extension of the
involved functions g;, j=1,2,...,s.

We now present a general result valid for functions g; in L% 0,14 j=1,2,...,s,
even if they are not given by (3.11).

Lemma 3. Let g; be in L2[0,1)? for j =1,2,...,s and let G(x) be its associated
matrix as in (3.12). Then:

—— onia "
(a) The sequence {gj(x)e o x}(xGZd, =120

L2[0,1)? if and only if the rank of the matrix G(x) is r(detM) a.e. in [0,1)%.

is a complete system for
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(b) The sequence {gj(x)e’z’”“TMTx}aezd =12 is a Bessel sequence for

L2[0,1)? ifand only if gj € L;°[0,1)? (or equivalently Bg < o). In this case, the

optimal Bessel bound is Bg /(detM).

(c) The sequence {gj(x)e’z’”"’m‘dT }and =12, is a frame for L2[0,1)? if and
only if 0 < Ag < Bg < . In this case, the optimal frame bounds are
Ag/(detM) and Bg /(detM).

— i TmT

(d) The sequence {gj(x)e’z’”“ M x}(xGZd, =120

and only if it is a frame and s = r(detM).

is a Riesz basis for L2[0,1)% if

Proof. Forany F € 12[0,1)?, we have
<F(x), g (x)efzm‘ocTMTx>

-
/ sz glk()Zmochdx

£2(0,1)4

r detM 2
_ Z / gj’ 71'10( xdx
]
Fk (X+M7Til) 8jk (X+M7Ti1) eZm’(xTMTxdx
F (x—i—M*Ti;) ik (x+M7Ti1) 2mio M x g
_ Y gl (x—i—M’Ti,) F (HM*U,) 2moe M xgy (3.13)

where we have considered the Z?-periodic extension of F. By using that the

sequence {eZ”iO‘TMTx} wezd is an orthogonal basis for L2(M~"[0,1)9) we obtain

2

<F(x) ’ m672ﬂio¢TMTx>

L% [Oal)d

2

> g (x+M Ti)F(x+M i)

L (M= T[0,1)9)

Denoting F(x) := [F'(x),F" (x+ M~ "i2),....,F " (x + M~ Tigerns)] " the equality
above reads
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1 2
= detM HG('X)]F(X) HL%(M’T[OJ)‘]) .

<F(x)7m672m‘ocTMTx>

L% [Oal)d

s
DY
J=loaczd

(3.14)

On the other hand, using that the function g is 74 -periodic, we obtain that the set
{gj(x—l—M’Ti[ +M*Ti1),gj(x+M*Til +M7Ti2), . ,gj(x—l—M*Til +M7TidetM)}
has the same elements as {g;(x+M~"i}),g;(x+ M~ "ir),....gj(x + M~ Tigerm) }
Thus, the matrix G(x+M~ i) has the same columns of G(x), possibly in a different
order. Hence, rank G (x) = r(detM) a.e. in [0, 1)? if and only if rank G (x) = r(det M)
a.e.in M~ "[0,1)4. Moreover,

Ag = essinf Ain[G*(x)G(x)], Bg= esssup Amax|G*(x)G(x)]. (3.15)
xeM=T[0,1)4 xeM=T[0,1)4

To prove (a), assume that there exists a set 2 C M~ "[0,1)? with positive measure
such that rankG(x) < r(detM) for each x € Q. Then, there exists a measurable
function v(x), x € Q, such that G(x)v(x) = 0 and ||v(x)||L3(de‘M) (-To,1y = 1in L.

This function can be constructed as in [28, Lemma 2.4]. Define F € L2[0,1)¢ such
that F(x) = v(x) if x € Q and F(x) = 0 if x € M~ [0, 1)?\ Q. Hence, from (3.14),
we obtain that the system is not complete. Conversely, if the system is not complete,
by using (3.14), we obtain an F(x) different from 0 in a set with positive measure
such that G (x)F(x) = 0. Thus, rank G(x) < r(detM) on a set with positive measure.
To prove (b) notice that

2
s —— omia M x 1
S Y [(F(x),g(x)e ™ M >L2[01)d = detMHG(X)F(X)||i§(M*T[0,1)d)
ji=laczd e
1 * *
- / F* (x)G* ()G (x)F (x)dx. (3.16)
M=T[0,1)4

If Bg < <o, then, for each IF, we have

1 o e
i | FWEEE@Ew < Get 1T 123 1771009
M’T[()J)d
_ Be 5
= deunt Flzzon (3.17)

. — o TMT .
from which the sequence {g § (x)e—2mie M x } is a Bessel sequence

acZd, j=12,..s
and its optimal Bessel bound is less than or equal to B¢ /(detM).

Let K < Bg; there exists a set Qg C M~ "[0,1)? with positive measure such that
A [G*(x)G(x)] > K. Let F € L2[0,1)? such that its associated vector function

MaxXyco K
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Fis 0if x € M~T[0,1)?\ Qk and F is an eigenvector of norm 1 associated with the
largest eigenvalue of G*(x)G(x) if x € Qk. Using (3.16), we obtain

>3

J=laczd

—2mio "M > ’2 K 2
e > 2 ,
2oydl = detMH Iz310.1)

Therefore, if Bg = oo, the sequence {g; ()c)e’z”""‘Tj"IT } . is not a Bessel

oeZd, j=12,...5
sequence, and the optimal Bessel bound is Bg /(detM).

To prove (c) assume first that 0 < Ag < Bg < o. By using part (b), the sequence
{g; (x)e’Z”io‘TMT"}an,l i—12..s 15 a Bessel sequence in L2[0,1)%. Moreover,
using (3.16) and the Rayleigh—Ritz theorem (see [26, p 176]), for each F € L% [0, 1)d,

we obtain
< 72m‘ocTMTx>
L% [O‘l)d

55

AS 2
= detM " "L gepny M TO.1)9)

Ag

2
detMH ”L%[()J)d (318)

— i T T . . .
Hence, the sequence {g;(x)e 2% M x} is a frame with optimal

a€Zd, j=12,..s
lower bound larger than or equal to Ag /(detM).

. N . -2mi Tyl .

Conversely, if {g;(x)e 2™ M x}oceZd,j:LL...,s is a frame for L2[0,1)¢, we
know by part (b) that Bg < . In order to prove that Ag > 0, consider any constant
K > Ag. Then, there exists a set Qx C M~ "[0,1)¢ with positive measure such

that Amin, o, [G*(x)G(x)] < K. Let F € L}[0,1)¢ such that its associated F(x) is

0if x € M~T[0,1)?\ Qx and F(x) is an eigenvector of norm 1 associated with
the smallest eigenvalue of G*(x)G(x) if x € Q. Since F is bounded, we have that
G(x)F(x) € L2(M~T[0,1)9). From (3.16) we get

2

%, 3 [(Fae ) L < e
X x)e
i=laezd 18j 20,04 — detM L%(dexM)(M’T[O,l)d)
_K 2
= dernt Tz, (3.19)
Denoting by A the optimal lower frame bound of {; _2mia M x }%Zd o

we have obtained that K /(detM) > A for each K > Ag; thus, Ag /(detM) > A and
consequently, Ag > 0. Moreover, under the hypotheses of part (c), we deduce that
Ag/(detM) and B¢ /(detM) are the optimal frame bounds.

The proof of (d) is based on the following result ([11, Theorem 6.1.1]): A frame is
a Riesz basis if and only if it has a biorthogonal sequence. Assume that the sequence
{Me’Z”i“TMT"}aezd j—12...; i a Riesz basis for L2[0,1)? being the sequence
{hjatgezd, j—10. 5 its l’)iort7hé)g’0na1 sequence. Using (3.13) we get
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detM e
> 8] (vt M i) by (e M Ty ) 2T

M-T[0,1)d =1

= (Byo().gy (e M) = 8 8ug.

Therefore,

detM S
Y 8] (oM T by (kM T ) e
=1

= (detM)6; 7 ae. in M=T[o,1)7.

Thus, the matrix G(x) has a right inverse a.e. in M~ [0,1)? and, in particular,
s < r(detM). On the other hand, Ag > 0 implies that det[G*(x)G(x)] > 0, a.e. in
M~T[0,1)4, and there exists the matrix [G*(x)G(x)]"!G*(x) a.e. in M~T[0,1)%.
This matrix is a left inverse of the matrix G(x) which implies s > r(detM). Thus,
we obtain that r(detM) = s.

Conversely, assume that {g i(x)e

g TMT :
2miot' M X} is a frame for

a€Zd, j=12,..s
L2[0,1)? and r(detM) = s. In this case, G(x) is a square matrix, and
det[G(x)*(x)G(x)(x)] > 0 ae. in M~ "[0,1)¢ implies that detG(x) # 0 a.e. in
M~T[0,1)¢. Having in mind the structure of G(x) its inverse must be the r(det M) x s
matrix

ci(x) . c(x)

610 = c(x+M Tip) ... oes(x+M i)

et (x+ M Tigeum) .. Cs(x+ M Tigeim)

where, for each j = 1,2,...,s, the function ¢; € L2[0,1).

It is easy to verify that the sequence { (detM)c; (x)e’Z”iO‘TMT"} is

. 7~ _ oy Tag T ..
a biorthogonal sequence of {g;(x)e>"* M x} j—12..s and therefore it is a

Riesz basis for L2[0,1). 0

aeZd, j=12,...s

3.3 Generalized Regular Sampling in V(%,

In this section we prove that expression (3.10) allows us to obtain F = 7, ! f from
the generalized samples {.Z;f(Ma)} ,c7a. j=12....s> as aconsequence, applying the

yeeeyS?
isomorphism Jg, we recover the function f in V(%.
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Assume that the functions g; given in (3.11) belong to € L°[0,1)¢ for j =
1,2,....s; thus, g; T(x)F(x) € L*[0,1)?. Having in mind (3.8) and the expres-
sion (3 10) for the generahzed samples, we have that

(detM) Y (Lif) (Ma)e 2o M

aczd
= Y (Zif)(@e sy ey
aczd ! peN (MT)
— 2 Z (ff) mea (x+M~ T p)
peN (MT) aczd
= o (-) —2mio ' M- —2mio (x+M~ " p)
pME(,MWEEZ;d <F,g,( Je >L%[0!1)d e

_ 2 Z / ZFk gjk ZﬂiaTMTydy efzm'ocT(erM’Tp)

peN (MT)aezd 0.1

= z sz (x—i—M*Tp) gj,k(x—l—M*Tp)
pet (MT)k=1

= Y g;!— (x+M7Tp) F(x+M "p).
peN (MT)

Defining F(x) := [F'(x),F (x+ M "iy),...,F (x + M’TidetM)}T, the above
equality allows us to write, in matrix form, that G(x) F(x) equals to

T

(det) [ S () (Mo)e NS () (Moo M

oczd acZd

In order to recover the function F = czg 1 f, assume the existence of an » x s matrix
a(x) := [a;(x),...,a,(x)], with entries in L*[0,1)¢, such that

[al(x)v s aas(x)] G(X) = []Irv@(dethl)rXr] a.e.in [07 l)d :
If we left multiply G(x)F(x) by a(x), we get
F(x) = (detM) 2 Y (Lif) (Ma)aj(x)e 27 M i [2[0,1)7.  (3.20)
J=laeczd

Finally, the isomorphism Jg gives

f(t):(detM)i S (Zif) Ma)(Tpa))(t—Ma), teR,

J=laczd
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where we have used the shifting property (3.7) and that the space Vé is an RKHS.
Much more can be said about the above sampling result. In fact, the following
theorem holds:

Theorem 2. Assume that the functions g; given in (3.11) belong to L[0,1)¢ for
each j=1,2,...,s. Let G(x) be the associated matrix defined in [0,1)¢ as in (3.12).
The following statements are equivalents:

(a) Ag > 0.
(b) There exists an r x s matrix a(x) := [a;(x),...,a,(x)] with columns a; €
L7[0,1)? and satisfying

a1 (x),...,a,(0)]G(x) = [I;, Ogermr—1)rr]  a.e.in [0, 1)?. (3.21)

(c) There exists a frame for V3 having the form {S; a(- —Ma)}yepa jorn.. s Such
that for any f € V(%

S
(detM) 2 2 (ZLif)(Ma)Sja(-—Ma) in L*(RY). (3.22)
j=1qezd
(d) There exists a frame {Sj o ()} gezd j—12, s for V2 such that for any f € V3

f = (detM) i N (Lif)(Ma)S;q in LP(RY). (3.23)

J=laczd

Proof. First we prove that (a) implies (b). As the determinant of the positive
semidefinite matrix G*(x)G(x) is equal to the product of its eigenvalues,
condition (a) implies that essinf,_padet[G*(x)G(x)] > 0. Hence, there exists
the left pseudo-inverse matrix G'(x) := [G*(x)G(x)]"'G*(x), a.e. in [0,1)%,
and it satisfies G'(x)G(x) = [y (detmry- The first r rows of G'(x) form an
r X s matrix [aj(x),...,a5(x)] which satisfies (3.21). Moreover, the func-
tions a;(x), j = 1,2,...,s, are essentially bounded since the condition
essinf, g 1ya det[G"(x)G(x)] > 0 holds.

Next, we prove that (b) implies (c). For j =1,2,...,s, let aj(x) be a function
in L°[0,1)¢ and satisfying [a; (x),...,a,(x)]G(x) = (L, O getm—1)rxr)- In (3.20) we
have proved that, for each F = 7 ! (f) € L2]0,1)?, we have the expansion

F(x) = (detM) Y Y (Zf) (Ma)aj(x)e 27 M in 12[0,1)7,
j=1oezd
from which

= (detM) 2 > (Zif)Ma)Sja(-—Ma) in L*(RY),

J=laczd
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where S; 5 := Jgpa; for j =1,2,...,s. Since we have assumed that g; € L;°[0,1)¢

for each j =1,2,....s, the sequence {g; (x)e’z’”“TMTx} is a Bessel

ocZd, j=12,..;s
sequence in L2[0,1)? by using part (b) in Lemma 3. The same argument proves that

the sequence { (detM)a ()c)e’z’”""TMT }and =12

L2[0,1)4. These two Bessel sequences satisfy for each F c12]0,1)¢

; 1s also a Bessel sequence in

F(x) = (dets) Y Y <F gio2mia M >aj(x)e*2”"“TMTx in 22[0,1)".

J=laczd

Hence, they are a pair of dual frames for L% [0, 1)d (see [11, Lemma 5.6.2]). Since
e is an isomorphism, the sequence {Sj,a(t — Ma)}aezd 12, , is a frame for
qu,; hence, (b) implies (c). Statement (c) implies (d) trivially.

Assume condition (d), applying the isomorphism .7, ! to the expansion (3.23)
we get

s
F(x) = (dett) ¥ Y <F,g—je*2”'“TMT'>9q;1(sm)(x) in 22[0,1)¢, (3.24)
j=laczd

where {ﬂq;lSj7a}aezd7 j—12.. is a frame for L2[0,1)¢. By using Lemma 3, the

— oy Tag T .
sequence { gj(x)e2mio M x , is a Bessel sequence; expansion (3.24)
acZ?, j=12,..s

implies that is also a frame (see [11, Lemma 5.6.2]). Hence, by using again
Lemma 3, condition (a) holds. O

In the case that the functions g;, j = 1,2,...,s, are continuous on R? (for
instance, if the sequences of generalized samples {.Z,-(pk(a)}a cza belongs to

Y(Z4) for 1 < j < sand 1 <k < r), the following corollary holds:

Corollary 1. Assume that the functions g;, j = 1,2,...,s, in (3.11) are continuous
on R, Then, the following assertions are equivalents:

(a) rank G(x) = r(detM) for all x € RY.
(b) There exists a frame {S;a(- —rn)tnez, j=12,..s for V(% satisfying the sampling
formula (3.22).

Proof. Whenever the functions g;, j = 1,2,...,s, are continuous on R4, condition
Ag > 0 is equivalent to that det [G*(x)G(x)] # 0 for all x € RY. Indeed, if
detG*(x)G(x) > 0, then the r first rows of the matrix G' (x) := [G*(x)G (x)] "' G*(x)
give an r X s matrix a(x) = [a;(x),a2(x),...,a5(x)] satisfying statement (b) in
Theorem 2, and therefore Ag > 0.

The reciprocal follows from the fact that det [G* ) for all x €
R?. Since det [G*(x)G(x)] # 0 is equivalent to rank G(x) r(detM) for all x € R,
the result is a consequence of Theorem 2. a

] detM
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The reconstruction functions S 5, j = 1,2,...,s, are determined from the Fourier
coefficients of the components of a;(x) := [a1 j(x), a2 j(x),...,arj]", j=1,2,...,s
More specifically, if a; ;(o) := f[o,l)d a j (x)eZ”iO‘Txdx, we get (see (3.6))

Sialt) =Y, zak, Jou(t—a), teR?. (3.25)
ocZd k=

The Fourier transform in (3.25) gives § ja(x) =5 ar (%) @k (x).

Assume that the r x s matrix a(x) = [a;(x),ax(x),...,a,(x)] satisfies (3.21). We
consider the periodic extension of a j, i.e., ar j(x + &) = a; j(x), @ € Z%. For all
x € 1[0,1)4, the r(detM) x s matrix

al(x)T. az(x)_r. ax(x)T.
AT () 31(x+{‘47 i2) 32(x+1."1* ) - as(x+1.‘47 i2) (3.26)

ay(x+ M Tigenr) a2 (x+ M Tigerns) -+ ag(x+ M Tigernr)

is a left inverse matrix of G(x), i.e., AT (x)G(x) = L (detar)-

Provided that condition (3.21) is satisfied, it can be easily checked that all
matrices a(x) with entries in L*[0, 1)¢ and satisfying (3.21) correspond to the first r
rows of the matrices of the form

AT(x) =G (x) + U(x) [I, - GG ()], (3.27)

where U(x) is any r(detM) x s matrix with entries in L[0,1)¢, and G' denotes the
left pseudo-inverse G' (x) := [G*(x)G (x)] "' G* ().

Notice that if s = r(detM), there exists a unique matrix a(x), given by the first
r rows of G~!(x); if s > r(detM), there are infinitely many solutions according
to (3.27).

Moreover, the sequence {(detM)a;(-)e wezd j=12..5°
T T ) glryeneyd

with the r x s matrix [a](x),a)(x),...,a](x)] obtained from the r first
rows of G'(x), gives precisely the canonical dual frame of the frame

s Tag T .
—2mio’ M } associated

{gj(-)e’z’”“TMT'}aezd7 i—12..s Indeed, the frame operator .7 associated to
0 _ iy TAg T . .
{gj(e?me M} j—12... is given by
1
SR = 200,200, 80| 6WFK), Fer2o1),

from which one gets
T \a—2mic M o (N e2mic M x L d
< | (detM)a;(-)e (x) =gj(x)e , Jj=12,...,sandox € Z°.

Something more can be said in the case where s = r(detM):
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Theorem 3. Assume that the functions gj, j = 1,2,...,s, givenin (3.11) belong to
L2[0,1)¢ and s = r(detM). The following statements are equivalent:

(a) Ag > 0.
(b) There exists a Riesz basis {Sj.a}qezd, -1
the expansion

f=(detM) Y i(zj f)Ma) Sjq (3.28)

aezd j=1
holds in L*(R?).

In case the equivalent conditions are satisfied, necessarily Sj o(t) = S;a(t —Ma),
t€RY, where Sja= To(a;), j=1,2,...,s, and the r x s matrixa:= [a},ay,. .., a;]
is formed with the r first rows of the inverse matrix G~'. The sampling functions S j.a
J=1,2,....s, satisfy the interpolation property (ZjS;ja)(Ma) = 0; 0,0, Wwhere
j. i =12, sand oo € 7.

Proof. Assume that Ag > 0; since G(x) is a square matrix, this implies that
essinf,_ga |detG(x)| > 0. Therefore, the r first rows of G~!(x) gives a solution
of the equation [a;(x),...,a5(x)|G(x) = [I;, O(getyr—1)rx,] With a; € LT[0, 1)? for
j=1,2,...,s. According to Theorem 2, the sequence

{Sjotaezd, =12, {Sjalt =Ma)} geza, =12,

where S; 2 = Jo(a;), satisfies the sampling formula (3.28). Moreover, the sequence

{(detM)a;(x)e 27 M x = { Ty Sjal-—Ma)}

a€Zd, j=12,...s a€Zd, j=12,..
is a frame for L2[0,1)?. Since r(detM) = s, according to Lemma 3, it is a Riesz basis
for L7[0,1)?. Hence, the sequence {S;a(t = M)} 4cpa ;5. is a Riesz basis for
V2, and condition (b) is proved.

Conversely, assume now that {Sja}yeze j—1,. s is @ Riesz basis for Vg
satisfying (3.28). From the uniqueness of the coefficients in a Riesz basis, we get that
the interpolatory condition (£ .o)(Mo') = §; 7084 ¢ holds for j,j =1,2,...,s
and o, 0’ € Z%. Since 7, ! is an isomorphism, {ﬂ@*lSj,a}aez{ j=12,..s isaRiesz
e—2mic/TMTx

basis for L2[0,1)¢. Expanding the function g (x) with respect to the

dual basis of {9(1;18,-,“}%2,1’ j=12, .5 denotedby {G o}t yeza j—1 2, ;> We Obtain

— . —2micd "M x SHFSay —2mio/ M- —1
g/ (e =¥ Y (g0 To'Sja)

oezd j=1

= 2 ZiSiaMa)Gja(x) =Gy o(x).

oczd

£2[0,1)4 Cjalx)
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Therefore, the sequence {g; (x)e’Z”i“TMTx } is the dual basis of the

acZd, j=12,..s

Riesz basis {yrflsj,a}aezd‘ i—12...s- In particular, it is a Riesz basis for L2[0,1)4,

which implies, according to Lemma 3, that Ag > 0; this proves (a). Moreover, the
—1

sequence { 7, Sj-,a}aezd, j=1.2

—zmaTMTx}

basis {g i(x)e . Therefore, this proves the uniqueness of the

ocZd, j=12,..;s
, for V2 satisfying (3.28). O

Riesz basis {Sj a}yezd, 12

3.3.1 Reconstruction Functions with Prescribed Properties

A generalized sampling formula in the shift-invariant space Vc% as

f(t):(detM)i Y (L) (Ma)Sjalt —Ma), reR?, (3.29)

J=laczd

can be read as a filter bank. Indeed, introducing the expression for the sampling
functions Sja(t) = Xpgeza i1k j(B)@e(t —B) . 1 € R9, the change vy := 8 +Ma
in the summation’s index gives

f(t)Z(detM)i )y {i )y (%f)(Ma)aAk,j(Y—Moﬂ)}(Pk(t—Y)a reR’.

k=lyeczd \ j=laczd

Thus, the relevant data for the recovery of the signal f € V3,

a0 =3 3 (L) (Ma)a,(y-Ma), yeZ!, 1<k<r,

J=loaczd

is obtained by means of r filter banks whose impulse responses involve the Fourier
coefficients of the entries of the r X s matrix a := [al,az, e ,as} in (3.21), and the
input is given by the sampling data.

Notice that reconstruction functions S;, with compact support in the above
sampling formula implies low computational complexities and avoids truncation
errors. This occurs whenever the generators ¢ have compact support and the sum
in (3.25) is finite. These sums are finite if and only if the entries of the r X s matrix
a are trigonometric polynomials. In this case, all the filter banks involved in the
reconstruction process are finite impulse response (FIR) filters.

In order to give a necessary and sufficient condition assuring compactly sup-
ported reconstruction functions S;, in formula (3.29), we introduce first some
complex notation, more convenient for this study. We denote z% := zix' z§‘2 - -ng
forz=(z1,...,24) €C¢, a=(oy,...,04) € Z¢, and the d-torus by T? := {z € C* :
|zi| =|z2| =" =lzq| =1}. For 1 < j <sand 1 <k <r, we define
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g/k Z %(Pk ) 7”7 g;r(z) = (gj,l(z)vgjl(z)v"'agj,r(z))
uezd

and the s x r(detM) matrix

LT 2mim, i 2mim ) i
G(z) := {gj (Zle P zqe™ 1)} J=12, (3.30)
k=12,...,r; [=12,....detM

where my,...,my denote the columns of the matrix M —1 Recall that i; 02, ldetM
in Z4 are the elements of .#"(M ") defined in (3.9). Note also that for the values
x=(x1,...,x4) €0,1)¢ and z = (e*™1 ... ,e*™¥) € T¢, we have G(x) = G(z).

Provided that the functions g; are continuous on R¢, Corollary 1 can be
reformulated as follows: There exists an r x s matrix a(z) = [a;(z),...,a,(z)| with
entries essentially bounded in the torus T¢ and satisfying

a(z)G(z) = [I, O(gerpr—1)rx,]  forallz e T (3.31)

if and only if
rank G(z) = r(detM) forallz e T¢. (3.32)
Denoting the columns of the matrix a(z) as ajT(z) = (a1,(2),...,a(2)),

Jj=1,2,...,s, the corresponding reconstruction functions S; , in sampling formula
(3.29) are

=Y Sas@el-a), R, (3.33)
ocZd k=1

where 3y j(ot), ot € 74, are the Laurent coefficients of the functions a,j(z), ie.,

a;w z a;w z %, (334)

oczd

Note that, in order to obtain compactly supported reconstruction functions S ,
in (3.29), we need an r x s matrix a(z) whose entries are Laurent polynomials, i.e.,
the sum in (3.34) is finite. The following result, which proof can be found in [16]
under minor changes, holds:

Theorem 4. Assume that the generators @y and the functions L@y, 1 <k <rand
1 < j <'s, have compact support. Then, there exists an r X s matrix a(z) whose
entries are Laurent polynomials and satisfying (3.31) if and only if

rank G(z) = r(detM)  forall z € (C\ {0}).

The reconstruction functions Sja, j=1,2,...,s, obtained from such matrix a(z)
through (3.33) have compact support.
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From one of these r x s matrices, say a(z) = [3(z),...,35(z)], we can get all
of them. Indeed, it is easy to check that they are given by the r first rows of the
r(detM) x s matrices of the form

A(z) = A(z) +U(z) I, - G(z)A(z)] , (3.35)

where

N P 2mim] | 2mim )
A(z) := |aj(zie™™" 1, . zge™ M l)]k:l,z,...,r; =12, detM >
j=12..s

and U(z) is any r(detM) x s matrix with Laurent polynomial entries. Remember
that my, . ..,my denote the columns of the matrix M~ and ij, ..., ige s the elements
of A (M) defined in (3.9).

Next, we study the existence of reconstruction functions S;,, j = 1,2,...,s,
in (3.29) having exponential decay; it means that there exist constants C > 0 and
q € (0,1) such that |S; 4(¢)| < Cq"l for each r € R?. In so doing, we introduce the
algebra 7 (T?) of all holomorphic functions in a neighborhood of the d-torus T¢.
Note that the elements in .7 (T%) are characterized as admitting a Laurent series
where the sequence of coefficients decays exponentially fast [27].

The following theorem, which proof can be found in [16] under minor changes,
holds:

Theorem S. Assume that the generators @y and the functions 2@y, j=1,2,...,s
and k = 1,2,...,r, have exponential decay. Then, there exists an r X s matrix
a(z) = [a1(z),...,a5(z)] with entries in A (T?) and satisfying (3.31) if and only
if rank G(z) = r(detM) for all z € T¢.

In this case, all of such matrices a(z) are given as the first r rows of a r(detM) X s
matrix A(z) of the form

A(z) = G'(z) + U(z)[I, — G(2)G'(z)] , (3.36)

where U(z) denotes any r(detM) x s matrix with entries in the algebra 7 (T%) and
G'(z):=[G*(2)G(z)] e (). The corresponding reconstruction functions S; ., j =
1,2,...,s, given by (3.33) have exponential decay.

3.3.2 Some Illustrative Examples

We include here some examples illustrating Theorem 4, a particular case of
Theorem 2, by taking B-splines as generators; they certainly are important for
practical purposes [44].
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First notice that if the generator ¢ has compact support, the only situation when
the reconstruction function S, in formula (3.1) has compact support as well is
the special case when ¢ is the linear B-spline N;(r) := X[o,1) * Z[O,l)(t)’ where
Xo.1) denotes the characteristic function of the interval [0,1). For any f € V,%z, the
following sampling formula holds:

fr)= i f(n)Ny(t+1—n), teR.

n=-—oco

In this special case where d = 1 and r = s = 1, we have G(z) = z, and consequently,
a(z) =z !in Theorem 4.

3.3.2.1 TheCased=1,r=1,M=2,ands=3

Let N3(t) := Xjo,1) * X[0,1) * X[o,1)(¢) be the quadratic B-spline, and let .}, j = 1,2,3,
be the systems

AL = (1) Bf@) = f <r " §> and  Af()=f <r + ‘5‘) .

Since the functions .Z;N3, j = 1,2,3, have compact support, then the entries of
the 3 x 2 matrix G(z) in (3.30) are Laurent polynomials, and we can try to search a
vectora(z) :=[a;(z),a2(z),a3(z)] satisfying (3.31) with Laurent polynomials entries
also. This implies reconstruction functions S; ., j = 1,2,3, with compact support.
Proceeding as in [14], we obtain that any function f € V,%} can be recovered through
the sampling formula

3
FO) =3 S Zifn)S;alt —2n), 1€R,
1

nez j=

where the reconstruction functions, according to (3.33), are given by

L Ny (1 43) = 3N3(042) — 3N (e + 1) + N3 (0]

SLa(t) = E

$20(0) = 1¢ PTN(1-+ 1)~ ONs(0),

1
S37a(l‘) = 16 [-9N3(t+ 1)+ 27N3(2)], t€R.
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3.3.2.2 TheCased=1,r=2,M=1,ands=3

Consider the Hermite cubic splines defined as

(t+1)%(1-2t), t€[-1,0] (t+1)%, te€[-1,0]
ei1(t) =9 (1-1)>(1+2t), t€[0,1] and @(t)=1 (1—-1)%, t€][0,1]
0, lt] > 1 0, lt| > 1

They are stable generators for the space V((%I;(PZ (see [12]). Consider the sampling
period M = 1 and the systems ., j = 1,2,3, defined by

t+1/3

LAf(0) / fde, Zf@)=£if(1+5), L0 =2f(i+3).

Since the functions .2y, j = 1,2,3 and k = 1,2, have compact support, then the
entries of the 3 x 2 matrix G(z) in (3.30) are Laurent polynomials, and we can try
to search an 2 x 3 matrix a(z) := [a1(z),a2(z),a3(z)] satisfying (3.31) with Laurent
polynomials entries also. This leads to reconstruction functions S », j =1,2,3, with
compact support. Proceeding as in [17], we obtain in Vq%m}z the following sampling
formula:

£ Zz.ff jalt—n), tER,

nez j=

where the sampling functions, according to (3.33), are

S1a(0) = o (0) + 1101~ 1)+ 02(0) — 0a(a— 1),

—23 23 23 23
Syalt) := ﬂ(pl( ) — 44(P 1(t—1)— n (PZ(IH'Z(PZU— 1),

1 85 85
—(pl(t)—l—ﬂ(pl(t— 1)+(p2(t)—Z(p2(t—1), teR.

S37a(l‘) = 11

3.3.3 L*-Approximation Properties

Consider an r x s matrix a(x) := [a;(x),ay(x),...,a,(x)] with entries a; €
L0, l)d, 1 <k<r 1<j<s, and satisfying (3.21). Let S;, be the associated
reconstruction functions, j = 1,2,...,s, given in Theorem 2. The aim of this section
is to show that if the set of generators @ satisfies the Strang—Fix conditions of order
£, then the scaled version of the sampling operator
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N
2 Z (Zif)(Ma)S;a(t —Ma), teR?,
J=loezd

gives L’-approximation order ¢ for any smooth function f (in a Sobolev space).
In so doing, we take advantage of the good approximation properties of the scaled
space Gy Vg, where for h > 0, we are using the notation oy, f(¢) := f(ht), t € R%.

The set of generators @ = {¢};_, is said to satisfy the Strang—Fix conditions
of order ¢ if there exist r finitely supported sequences by : Z¢ — C such that the
function @ (1) = ¥j_ Yeza be(0) @r(t — o) satisfies the Strang—Fix conditions of
order /, i.e.,

?(0)#0, DPo(a)=0, |B|<¢ oez\{0}. (3.37)

We denote by Wy (RY) := {f : |[DYf]|2 < o, |y| < ¢} the usual Sobolev space and
by |flea ==X ig=¢ ||DP f]|5 the corresponding seminorm of a function f € Wy (R?).
When 2/ > d, we identify f € Wf (R9) with its continuous choice (see [2]).

It is well known that if @ satisfies the Strang—Fix conditions of order ¢ and
the generators ¢ satisfy a suitable decay condition, the space qu, provides L>-
approximation order ¢ for any function f regular enough. For instance, Lei et al.
proved in [33, Theorem 5.2] the following result: If a set @ = {¢;};_, of stable
generators satisfies the Strang—Fix conditions of order ¢ and the decay condition
() =0([1+ |t|]’d’€’5) for each k = 1,2,...,r and some & > 0, then, for any
fe Wf (R9), there exists a function f; € o, /hV(% such that

If = full2 <C|fleah’, (3.38)

where the constant C does not depend on / and f.

In this section we assume that all the systems .%;, j = 1,2,...,s, are of type (b),
i.e., Z;f = fxhj, belonging the impulse response h; to the Hilbert space .#’ 2(RY).
Recall that a Lebesgue measurable function h : RY —; C belongs to the Hilbert
space .Z%(RY) if

1/2

[ /(2|ht— ) < oo

071)‘1 oczd

Notice that the space .#2(R?) coincides with the amalgam space W (¢',L?) and
that £2(R?) ¢ LY(RY) N L*(RY). For f € L*(RY) and h € £?(R?), the following
inequality holds: H{h *f(a)}ande < |hl2|f]|2 (see [27, Theorem 3.1]); thus, the
sequence of generalized samples { (£ f) (M)} yeza j—1 .. belongsto (2(74) for
any f € L2(R?).
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First we note that the operator I : (L*(R?), | -|l2) — (V4. | -[|2) given by

L) = ([deth) 3. S (Lif)(M)S;alt —Mar), 1R,

J=laczd

is a well-defined bounded operator onto qu,. Besides, Iqf = f forall f € Vq%.

Under appropriate hypotheses we prove that the scaled operator I/ := o, /nla0n
approximates, in the L?-norm sense, any function f in the Sobolev space Wf (R) as
h — 07T, Specifically we have the following:

Theorem 6. Assume 20 > d and that all the systems £ satisfy Z;f = f*h; with
h; € Z2(RY), j=1,...,s. Then,

I =Lfl <+ IGl) inf f =gl feWs(RY,

8€01/nVep

where ||I,|| denotes the norm of the sampling operator I,,. If the set of generators
D = { @}, satisfies the Strang—Fix conditions of order ¢ and, for each k =
1,2,...,r, the decay condition @(t) = O([1 + |t|]~4~'~¥) for some € > 0, then

If =Ll <Cfleah forall f € Wi (RY),

where the constant C does not depend on h and f.

Proof. Using that I'g = g for each g € Gl/th%,, then, for each f € L*(R¢) and
g€ Gl/hV(%, Lebesgue’s Lemma [13, p 30] gives

If =Rl < Nf =gl + IR =R fla < (1+IGI) inf [If =gl
8€01 Vg

where we have used that |I}/!|| = ||| for & > 0. Now, for each f € Wy (R?) and
h > 0, there exists a function f;, € o} /th%, such that (3.38) holds, from which we
obtain the desired result. a

More results on approximation by means of generalized sampling formulas can
be found in [15, 18].
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